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Math 101, Basic Algebra Section 5.1
5.1 Greatest Common Factor

Prime Factorization

The result of a multiplication 5x6=30 x(x—3)=x>—-3x
problem is called a product. \/

The numbers being multiplied factors  product factors  product

are called factors.

The prime factorization of a positive integer is the factorization in which all the factors
are prime numbers. A few examples follow:

Number | Factorization | Prime Factorization
30 65 235
4 2? 2?
36 49 2% 3

Suppose we want to find the prime factorization of 108.

We can find prime
factorizations by writing
the number as a product of
two factors, then writing
each factor as a product of
two factors, repeating this
process until all the factors
are prime numbers. A
factor tree is useful in
organizing this work as
shown at right.

gjf @ shown:
b 2|108
® & éﬁ

From the "leaves" of the factor 3@
tree, we have that the prime 3
factorization of 108 is 2% x 3°.

Or, alternatively,
divide successively
by prime factors as

108 =2%x 3°

Demonstration Problems

Practice Problems

Write the prime factorization of

Write the prime factorization of

1. (@) 20 1.(b) 18
2. (a) 248 2.(b) 216
Answers: 1.(b) 2+3%; 2.(b) 2°+3°
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Math 101, Basic Algebra Section 5.1

Greatest Common Factor

A common factor of two algebraic expressions is a factor that is common to both
expressions. Consider the following examples:

Example (¢) Find a common Example (b) Findza common
factor of 30 and 25. factor of 2x“y and 5yz.
30=2+3¢5 25=5¢5 2%’y Syz
5 y/
is a common factor is a common factor
of 30 and 25 of 2x’y and 5yz

The greatest common factor, or GCF, is the product of all common numerical and
variable factors of two or more expressions. The GCF will be comprised of the product
of the lowest degree of each common factor. Consider the following examples:

Example (¢) Find the greatest Example (d) Find the greatest
common factor of 60 and 36. common factor of 3x*y and 4xy.
60 and 36 3x*y and 4x’y
60=2"+3+5 36=2343 xYy=3xexy 4xy
3 3
22e3=12 Xy
GCF (60, 36) = 12 GCF (3x"y, 4x’y) = xy
Demonstration Problems Practice Problems
3. (a) GCF (8, 20) 3. (b) GCF (18, 42)
4. (@) GCF (3x%y, 6x)7) 4. (b) GCF (2a°x°, 12a’x)

Answers: 3. (b) 6; 4. (b) 2a°x
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Math 101, Basic Algebra Section 5.1

Factoring Out the Greatest Common Factor
The Distributive Property gives us that for any real numbers a, b, and c,
a(b+c)=ab + ac.

If we start with ab + ac and write it as a product of factors, a(b + ¢), then the process is
called factoring.

For example, 12x° — 8xy = 4x « 3x* — 4x * 2y = 4x(3x* — 2y)

GCF (12x°, 8xy) = 4x

Demonstration Problems Practice Problems
Factor out the GCF in each expression. Factor out the GCF in each expression.
5.(a) 2w+ 4z 5.(b) 6y+3
6. (a) —2k'm"* + 4k’m° 6. (b) —6h°7 +3h°
7. (@) 84°b* + 16a°b — 24ab 7.(b) 4a’b* + 84*b* — 24ab’
8.(a) a(x—-3)+b(x-3) 8.() z(y+4)+3(y+4)

Answers: 5. (b) 32y +1); 6. (b) 32K+, 7. (b) 4ab*(@®+2a—6) 8.(b) (y +D(z+3)
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Math 101, Basic Algebra Section 5.2

5.2 Factoring by Grouping

In Chapter 4, we learned that two binomials can be multiplied by using the distributive
property twice. And sometimes it is also taught that binomials can be multiplied using
the box method. Let's review these techniques as we multiply the following:

(x+y)a+3) (r=1)Nc-2)
=x(a+3)+ya+3) =x(c=2)-¥c-2)
=ax+3x+ay+3y =cx—2x—cy+2

or alternatively, we could use the box method as follows:

x Yy X =y

alax|ay c| x| =y

3|3x |3y 2| 2x| 2y
Factoring by Grouping

Polynomials with four terms can sometimes be factored into a product of two binomials

by reversing the process of multiplying. E p
xample:

Factor xy + 2y + 5x + 10.
Step I: Factor the first group of two terms.

Step 2: Factor the second group of two terms. xy+2y+5x+ 10

Step 3: Factor the common binomial. = xy+2y+5x+592
=p(x+2)+5(x+2)
=(x+2)(y+5)

Demonstration Problems Practice Problems

Factor by grouping. Factor by grouping.

1. (@) bx+by+cx+cy 1.(b) 3x+3z+ax+az

2.(a) x*+ 5x+4x+20 2.(b) V' +2y+6y+12

Answers: 1.(0) B+a)x+z); 2.(b) ¢y +6)y+2)
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Math 101, Basic Algebra

Box Method Factoring

Alternatively, we can factor xy + 2y + 5x + 10

by the "box method".
Step I: Draw a 2 X 2 box.

Step 2: Place the terms in the box in the order given.
Step 3: Factor the GCF of each row and column, placing
the GCF to the left of or above the box.

Step 4: Read the factors from the left side and top side

of the box.

Section 5.2

Demonstration Problems

Practice Problems

Use the box method to factor.
3.(@) ap+t3a—-p-3

4.(a) 2)° +3y—16y—24

Use the box method to factor.

3.(0) W taw-w—a

4.(b) 2x* —3x—2x+3

Answers: 3. (b)) w—D(w+a); 4.(b) x—D(2x-3)

Note that the terms may need to be re-ordered before the preceding methods will work.

For example:

Factor ab+ 12 + 6a + 2b.

In the order given, the GCF of the
top row is 1 and the GCF of the
first column is 1, but 11 # ab.

?
ab | 12
6a | 2b

If we change the order so that the
GCF of the top row and the first
column is not 1, then the method

yields the proper binomial factors.

a

2

b|ab

2b

6 | 6a

12
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Math 101, Basic Algebra Section 5.3

5.3 Factoring Trinomials

Factoring the Trinomial ax’ + bx + ¢ witha =1

Notice the following 3 multiplying and simplifying patterns:

1. (x+4)(x+3) 2. (x+4)(x+3) 3. (x+4)(x+3)
¥+ 3x+d4x+12 ¥+ 3x+Ax+ 12 ¥+ 3x+Ax+ 12
\
A+ Tx+ 12 ¥+ Tx+12 ¥+ Tx+12

To factor the trinomial x* + 7x + 12 into the product of two binomials, without already
knowing the binomials, we need to get “clues” from the 3 terms.

From (1), we see x” resulted from binomials starting with (x + )x + ).

From (2), we know that 12 is a product of the two constants in the binomials. But this is
not a strong enough clue on its own to complete the factorization that we started from
pattern (1). There are many pairs of factors whose product is 12.

1e12=12 ~1e-12=12
206=12 and  -2e-6=12
3e4=12 ~3e-4=12

From (3), we know that 7 is the sum of the two constants in the binomials. Since 12 is
the product of the same two numbers, we can use the list of product pairs to find two
numbers whose product is 12 AND whose sum is 7.

Productis 12 Sum is 7
1«12=12 1+12=13 To save effort, a shorthand list
246 =12 146 =28 could be created as follows:
34 =12 3+4 =7 Product 12
—1-12=12 -1+-12=-13 11 12
—2e+-6=12 2+-6=-8 21 6
—3+4=12 3+-4=-7 3| 4
Sum 7
Weseethat: 3<4=12and3+4=7 Mentally check the sum of
So then each pair until the desired sum

is found.
C+Tx+12=(x+ 3 Hx+4 ).
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Math 101, Basic Algebra Section 5.3

Demonstration Problems Practice Problems
Factor the following trinomials. Factor the following trinomials.
1. (a) @’ +9a+20 1. (B) ¥+ 12x +20
Product 20
=(a )Na ) 1
2
Sum 9

2.(a) x> +2x—24 2.(b) B 7b+ 10

= (X )(x ) Product —24
-1
-2

Sum 2

3. (a) Factor #* + 31— 5. 3.00) ¥ +4r+7

— (t )(t ) Pri)duct -5

Sum 3

Answers: 1. (b)) (x+2)(x+10); 2.(bh) (b—=5)(b-2); 3.(b) prime
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Math 101, Basic Algebra Section 5.3

Consider another pattern: (r+4y)(x +3y)

X%+ 3xy + dxy + 12)°

x*+ Txy + 12)°
From this, we can see x” and y” resulted from binomials containing

x+___ »&x+___ ).

To complete the factoring of x* + 7xy + 12)°, we follow the same procedure as we did in
the above pages by finding two numbers whose product is 12 and sum is 7 and inserting
those numbers before the y in each binomial.

Demonstration Problems Practice Problems
Factor each trinomial. Factor each trinomial.
4. (a) x>+ 2xy -8y Product —8 4.(b) a* —Tab + 10b*
-1
=x__ »x__ y| 2
Sum 2

Answer: 4. (b) (a—2b)(a—5b)

To factor completely, first look for a GCF, factor it out if there is one, then factor the
resulting polynomial if it can be factored.

Demonstration Problems Practice Problems
Factor completely. Factor completely.
5.(a) 6w —12w—18 5.(b) 2w’ —36w+ 162
2
- 6(W —2w- 3) Product —3
-1

= 6(w )w )

Sum —2

Answer: 5. (b)) 2w =9 (w-9)
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Math 101, Basic Algebra Section 5.3

Factoring the Trinomial ax’ + bx + ¢ with a #1

The ac Method
Study the product at right. (2x + 3)(3x + 4)

2x(3x +4) + 3(3x + 4)
6x> + 8x +9x + 12

6x>+17x +12

Notice 6 12=72=9¢8

To factor the trinomial 6x° + 17x + 12 into the product of two binomials, without already
knowing the binomials, we need to get “clues” from the 3 terms.

If we find two numbers whose product is 72 and whose sum is 17, we’ll be able to
rewrite the trinomial as the polynomial with 4 terms the we see above and then factor by
grouping or box method.

Product 72 This gives us that
1 72
2|36 6x° +17x +12= 6x°+8x + 9x+ 12
i %g =2x(3x +4) +3(3x +4)
6 | 12 =2x+3)3x t+4)
8 9
Sum 17 or
3x 4
2x | 6x% | 8x
3 19x |12

In general, to factor the trinomial ax® + bx +c,

Step I: Find two numbers that have a product of ac and a sum of b.

Step 2: Replace bx by the sum of the two terms with coefficients that are the two
numbers found in Step 1.

Step 3: Factor the resulting four-term polynomial by grouping or by the box method.
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Math 101, Basic Algebra Section 5.3
Demonstration Problems Practice Problems

Factor the following trinomials. Factor the following trinomials.
6. (@) 6a°+7Ta+2 Product 6.(b) 5x*+17x+6

6°2=12
=64’ + + +2 1

2

Sum 7

7.(a) 1522 —17z—4

= 152"+ + -4

8. (a) 107+ 13t—4

=104+ + -4

Product

2
. +b-
s 7.(6) 126°+b—1

-1
-2

Sum 17

Product 8.(b) 3 +2r+1
10+-4="40

-1
-2

Sum 13

Answers: 6.(b) (x+3)(5x+2); 7.(b) 3b+1)(@b—1); 8.(b) prime
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Math 101, Basic Algebra Section 5.3

Special Trinomials

Since (a +b)*=(a+ b)a+ b)=a*+2ab+ b*, and
(a—b)Y=(a-b)a—b)=a*—2ab+ 1"

we consider trinomials of the following form to be to be perfect square trinomials:

2 2 2 2
a +2ab+b and a—2ab+b\
First term is  Secondtermis  [,ast term First term is  Secondtermis  Lastterm
twice the product ; a square twice the product i r
a square ofthe bases of 1S @ Square q of the bases of Sasquare
the first and last the first and last
terms terms

If we can verify that a trinomial is a perfect square at a glance, then we can skip the
lengthy techniques for factoring trinomials and write the factors immediately.

Example (a) Factor 4x* + 12x +9
4x* + 12x +9

(2x/ 2e 2?0 3 \32
Thus, \

4 +12x +9 = (2x + 3)°

Example (b) Factor x* — 6xy + 9)”
2 2
X —6xy+9y

Vd

X2 2exe3y (3y)?

Thus,
X' —6xy+ 97 =(x—3y)
Demonstration Problems Practice Problems
Factor the following trinomials. Factor the following trinomials.
9.(a) 16a*+8a+ 1 9. (b) 25x* +30x+9
2 2
10. (a) 36y* — 12yz +2° 10. (b) 9a”—6ab +b

Answers: 9. (b)) (5x +3)%; 10.(b) 3a—b)’
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Math 101, Basic Algebra Section 5.4

5.4 Factoring Binomials

Difference of Two Squares

Complete the table and notice the pattern that emerges.

F + O + I + L

G+ DE-1D=| x> + —lex + lex + —le1|= x*-1
(2a-3)2a+3)= + + +
(4m + Sn)(4m — 5n) = + + +

Recall that the result of a subtraction problem is called a difference, so then a*> — b* is a
difference of squares.

a*—b*=(a+b)a-Db)

When we verify that a binomial is a difference of squares, we can use this pattern to write
the factors immediately.

Example (a) Factorx*—9.

=@x+3)(x-3)
Example (b) Factor 4x” —25.
4% - 25
= (2x)* - 5

=(2x+ 5)?2)( -5)

Example (¢) Factor x* — 9)”.

xt—9)?

= () -3y’

= (¢ + 39" - 3y)
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Math 101, Basic Algebra

Section 5.4

Demonstration Problems

Practice Problems

Factor each polynomial.
1.(a) o*—4

2.(a) ¥ —9x*

3.(a) 144n* -1

4.(a) 9a* - 16b*

5.(a) 94" — 16b*

Factor each polynomial.
1.(b) x*—49

2.(b) 16x*—)°

3.(6) 1-25w

4.(b) 254°—81b*

5.(b) 254" -81b°

Answers: 1. (b) (x+7)(x—7); 2.(b) (4x+y)(4x—y); 3.(b) (1 +5w)(1-5w); 4.(b) (Sa+9b)(5a—9b);

5. (b) (54*+9b)(54° — 9b);
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Math 101, Basic Algebra Section 5.4

Sum of Cubes and Difference of Cubes

Multiply the following and notice the pattern that emerges.

@+ D —x+1)=|xex® + lox® + xox + lox + xo1 + lol|=x+1

(3a +5)(9a’ — 15a +25) = + + + + +

=D +x+1)=|xex? + Jox? + xox + -lox + xo1 + -lel[=x—1

(a—4)(a’ +4a+16) = + + + + +

Factoring Patterns

Sum of Cubes Difference of Cubes

@+ b= (a+b)(a*—ab+ b @ = b= (a-b)(d* +ab+ b

When we verify the binomial is a sum or a difference of cubes can use these patterns to
write the factors immediately.

Example (d) Factorx’ +27.
X +27
=x+3°
Y N
=(x +3)(x" = 3x + 3%
=(x+3)x*=3x+9)

Example (¢) Factor 8x° — 125.
8x’ — 125
=(2x) -5

-
’

=(2x— 5)((2‘;5)2 +2x ¢ 5+ 5%
= (2x — 5)(4x* + 10x +25)
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Math 101, Basic Algebra Section 5.4

Demonstration Problems Practice Problems
Factor each binomial. Factor each binomial.
6.(a) d +64 6.(b) x+8
7.(@) V' —27x%° 7.(6) 8-y’
8.(a) 27n’ -1 8.(b) 1-125w°

Answers: 6. (b)) (x+2)(x" —2x+4); 7. (b)) 2x—y)(4x* +2xy+17); 8.(b) (1 —5w)(1 + 5w+ 25uP)
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Math 101, Basic Algebra Section 5.4
Factoring Completely
Example (f) Factor 2x° — 54.
2% — 54
=2(x’ —27)

=2(x—3)(x* +3x + 9)

Example (g) Factor x° —)°,

6 .6
X =y

= (Y- %)

=+ -y)

= (x + 1) —xp + ) x - 1)+ xy +)70)

Demonstration Problems

Practice Problems

Factor each polynomial.
9.(a) da'-16

10. (@) 3y°—192x°

Factor each polynomial.
9.(b) x*'-81

10. (b) 2x°—128)°

Answers: 9. (b)) (> +9)(x +3)(x—3); 10. () 2(x — 2y)(x" + 2xy + HI)(x + 20)(* — 2xy + 47)
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Math 101, Basic Algebra

Section 5.5

5.5 Choosing a Factoring Method

Factoring Methods for Polynomials of 2 — 4 Terms

Number Identify the polynomial or
of terms Step 1 polynomial factor Step 2
Difference of squares = a*—b*=(a+b)a-Db)
Sum of cubes = @+ b =(a+b)a*—ab+ b
> Factor out
any GCF Difference of cubes = @ —b=(a-b)(a* +ab+b)
None of the above = Cannot l:'Je faptored by methods
learned in this chapter.
- (X )(X ) Product C
XHbxte =
Sum b
ax”+bx +c
3 Factor out = ax’ + byx + box+ ¢ | Product ac
any GCF 24 bt
ax-TbxTe = Then factor by by | bz
grouping or box 5
method. sum
None of the above = Cannot l:'Je faptored by methods
learned in this chapter.
4 Factor out Try to factor by grouping or box
any GCF method.
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Math 101, Basic Algebra

Section 5.5

Demonstration Problems

Practice Problems

Factor each polynomial.
1.(@) a*-25

2.(a) 8x*+26x+15

3.() n”—1

4.(a) 24*-32b°

5.(a@) 4ab+a—-1-4b

Factor each polynomial.
1.(b) x*-16

2.(b) 6x°+x-2

3.0) 1-w’

4.(b) 243x" -3y

5.(b) 2x° +x*—50x—25

Answers: 1. (b) (x+4)(x—4); 2. (b) Bx+2)(2x—1); 3. () (1—w)(1+w+w?); 4.(b) 39" +3)(Bx +)(3x —y);

5.(6) (x +5)x-5Q2x+ 1)
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Math 101, Basic Algebra

Section 5.6

5.6 Solving Equations by Factoring

Solve the following equations for x.

2x=0 Sx=0
2 =
220 ax=20
3

And now consider the equation
(x—Dx+2)=0

Can you find a solution by inspection
(guessing and checking)?

Can you find a second solution?

If any two numbers have a product of zero, then
one or both of them must be what number?

The answer to the preceding question can be

formalized as

Zero Product Property*
Ifab=10,thena=0o0rb=0.

* This property can be extended to any finite number of factors.

Since (x — 1)(x +2) = 0 is a product
equal to 0, we can apply the Zero
Product Property to solve it.

By the Zero Product Property,
if (x — 1)(x + 2) = 0, then

x—1=0 or x+2=0
x=1 or x=-2

Solution set: {1, -2}

Demonstration Problems

Practice Problems

Solve

1.(@) (x—3)(x—5)=0

2. (@) 2x—1D)Bx—4)=0

3.(a) x(x+5)=0

Solve

1.(b) (x+1)(x-2)=0

2.(b) Bx—5)@x—1)=0

3.(b) x(x—7)=0

5 1
Answers: 1. (b) {-1,2}; 2.(b) {—, —}; 3.(b) {0,7}
3 4
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Math 101, Basic Algebra Section 5.6

A quadratic equation in standard form has the form
ax*+bx+c=0 (a,b, care real numbers and a # 0)
To solve a quadratic equation,

1. Rewrite the equation, if necessary, in standard form.

2. Factor the polynomial completely.

3. Use the zero product property to write simple linear equations.
4. Solve the linear equations.

Demonstration Problems Practice Problems
Solve. Solve.
4.(a) X*+9x+18=0 4.(b) xX*+9x+20=0
5.(a) X’ —x=0 5.(b) xX*-2x=0
6.(a) 3x’-2x—1=0 6.(b) 4> +3x—1=0

1
Answers: 4.(b) {—4,-5}; 5.(b) {0,2}; 6.(b) {-1, —}
4
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Math 101, Basic Algebra

Section 5.6

Demonstration Problems

Practice Problems

Solve
7. (@) x*=6x

8. (a) x*+x=156

9.(a) 5x*-20=0

Solve
7. (b) x*=-5x

8.(b) x> +2x=38

9.(b) 3x*-3=0

Answers: 7.(b) {0,-5}; 8.(b) {—4,2}; 9.(b) {1,-1};
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Demonstration Problems Practice Problems
Solve Solve
10. (@) Bx—-12)(x+7)(x-2)=0 10. (b) 2x+4)(x—5)x+1)=0
11. (@) (x+2)(x—-6)=20 11. () (x+3)2x-1)=15

9
Answers: 10. (b) {-2,5,-1} ; 11.(b) {——,2}
2
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