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Math 102, Intermediate Algebra Section 6.1

6.1 Inverse Functions

Relations
A relation is a set of ordered pairs, (x, ).
The domainof a relation is the first component of each ordered pair.
The rangeof a relation is the second component of each ordered pair.
Functions

A function is a relation in which in which each x-value is paired with exactly one
y-value.

A linear equation in two variables is an example of a function. Functions are used
whenever one variable depends on another variable.

For example, in the real world:

e The area of a circle depends on its radius.
e The height of a ball depends on how long it has been in the air.
e The cost of a fence depends on the length of the fence.

Example @ Determine if each is a function.

(0 {(1,2),(2,3),3,3)}

Yes. {(1, 2), (2, 3), (3, 3)} is a function because each x-value is paired with exactly one
y-value.

(i) {(1, 2), (1, 3), (2, 4)}
No. {(1,2), (1, 3), (2, 4)} is not a function because when x = 1, we have y =2 and y = 3.

«< We can express the linear equation y = 3x — 1 in set builder notation as

{(x,y)]y=3x—1}. Itisread as
{(x,y)| y=3x—-1}

the setof all ordered pairs, (x, y) such that y =3x — 1.

Example ) Is {(x, y)| y = 3x — 1} a function?

Yes. Itis a function because each x-value is paired with exactly one y-value.

Example ©) Is {(x, y)| »* =x} a function?

No. {(x,y)| y* =x} is not a function because when x =1,y =1 and y =—1.
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Math 102, Intermediate Algebra Section 6.1

Vertical Line Test

A visual way to test if a relation is a function is to graph the relation and check to see if a
vertical line drawn anywhere on the graph of the relation intersects the graph in more

than one place.
Not a functi#n \F

Function Notation

We can write the function y = 3x — 1 in function notation as f'(x) = 3x — 1.
f(x)=3x—1

name of function input value output value
We read this as “f of x is equal to 3x — 1. Note that f(x) does not mean 1« x.

The meaning of ' (x) = 3x — 1 is the same as y = 3x — 1, but with new notation.

Example d) Iff(x)=3x—1, find (2). fx)=3x-1
f(2)=3+2-1
=6-1
=5
f@2)=5
Complete the following table of values in this way, then graph f(x) = 3x — 1.

Compare with:

f()=3x-1 @) y=3x-1 7

X [ f(x) x|y

-1 4 1]-4

0 s 0 éx 0.1 3 0 b
2 205

| 5T 5
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Math 102, Intermediate Algebra

Section 6.1

Demonstration Problems

Practice Problems

If the domain is {-3, 0, 3}, determine the
range of each function.

1.@ f(x)=x"-6

X+2

2.@ f)= 3

3. @) f@y=§+4

range of each function.

1.0) f)=x"+1

[\

X!

2.0) f»=

N ’

3. () f@=§u

If the domain is {4, 0, 8}, determine the

Answers: 1. (b) {17,1,65}; 2.(b) {-3,-1,3};

3.b) {-2,-1,1}
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Math 102, Intermediate Algebra Section 6.1

One-to-one function: A function in which each x-value corresponds to exactly
one y-value and each y-value corresponds to exactly one x-value.

Example () Determine if each is a one-to-one function.

(0 {(1,2),(2,3),3,3)}

No. {(1, 2), (2, 3), (3, 3)} is not a one-to-one function because when y = 3, we have x =2
and x = 3.

(i) {1, 2), 3, 4), (5, 6)}

Yes. {(1,2),(3,4),(5,6)} is a one-to-one function because each x-value corresponds to
exactly one y-value and each y-value corresponds to exactly one x-value.

Horizontal Line Test

A visual way to test if a function is one-to-one is to graph the function and check to see if
a horizontal line drawn anywhere on the graph of the relation intersects the graph in more
than one place.

y | 11

— ———— e 4.5 A e t—————— —

Not one-to-one One-to-one
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Math 102, Intermediate Algebra Section 6.1

Demonstration Problems Practice Problems
Determine if each is a relation, a function, | Determine if each is a relation, a function,
or a one-to-one function. or a one-to-one function.

4. (a) 4. (b)
NN ot
y y

Answers: 4.(b) one-to-one function; 5. (b) function; 6. (b) relation
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Math 102, Intermediate Algebra

Section 6.1

Inverse Function

Inverse function: The inverse function of a one-to-one function £, denoted f ' is
the set of all ordered pairs of the form (y, x) where (x, y) belongs to f. Since the
inverse is formed by interchanging x and y, the domain of f becomes the range of

/" and the range of f becomes the domain of f .

Example (©) On the graph at the right, the
coordinate pair (2, 1) has been inverted to
(1, 2) and the pair (-4, —2) has been inverted
to (-2, —4). Invert the remaining blue
coordinate points and plot them on the
graph. Draw a line connecting the points
you plotted.

* Is the original one-to-one?

* Is the resulting graph a function?

Example (d) Invert and plot the blue
coordinate pairs for the graph at the right.
Join the points you plot with a smooth
curve.

* Is the original graph one-to-one?

* Is the resulting graph a function?

Example (e) Once again, invert and plot
the blue coordinate pairs for the graph
below. Join the points you plot with a
smooth curve.

* Is the original graph one-to-one?

* Is the resulting graph a function?
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Math 102, Intermediate Algebra Section 6.1

If a function is one-to-one, we can find the equation of its inverse function.

To find the inverse of a function:

Step 1: Replace f (x) with .
Step 2: Interchange X and Y.
Step 3: Solve for y.

Step 4: Replace y with f (x).
!

Write the inverse of the function Write the inverse of the function
f(X)=2x+5 f(x)=3x-1
Step 1 y=2X+5
Step 2 X=2y+5
x+0=2y+5
55
x=5=2y+0
Step 3 x=5 — 2y
2 2
X-5
—2 y
I'5
Step 4 FPx) = X
2
Demonstration Problems Practice Problems
Find the inverse function. Find the inverse function.
7.@ f(x)=x-06 7.0 fx)=x+1

Answer: 7.(b) f'(x)=x-1
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Math 102, Intermediate Algebra

Section 6.1

Demonstration Problems

Practice Problems

Find the inverse function.

1
8.(@ f(x)= 23
0.0) ()=

Find the inverse function.

8.0) /0=

0.0 fw=22

1+ 2x 2
Answers: 8. (b) f'(x)= ;9.0 )= -
X x—1
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Math 102, Intermediate Algebra Section 6.2

6.2 Exponential Expressions andequations

Exponential Expressions
Recall the following rules of exponents:

am N Cln _ _mtn (am )n — amn (ab)m — am bm a—n = _n (a ;é O)
m " a% am 0 m
—  m-n ' - b+£0 = 1 0 no_nf m
= @#0) Foe T GFO | @ (a#0) a"=4%a

Example @) Ifx =3, find the value of 5*.
5'=5°=5+5+5=125
Example @) Ifx=! % find the value of 9.

I
| 1 1
X — —_— —_ —_
9"=92=— =3
It is helpful to note here that the 2 2y2
> eI I e e 92 (3)
prime factorization of 9 is 3°.
Example ) 36= 6.7
36=62

Example @) 25%=51?

[t is helpful to note here that the
prime factorization of 25 is 5°.

Example ) 4" = 2ll9

X -
4 =(2?) =2
It is helpful to note here that the
prime factorization of 4 is 2.
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Math 102, Intermediate Algebra Section 6.2

Solving Exponential Equations

Property for Solving an Exponential Equation

If a*=a", thenx =k (fora>0anda#1).

To solve an exponential equation:
Step I Rewrite the exponential expressions using the same base if possible.
Step 2 Simplify both sides of the equation, if necessary.
Step 3 Set exponents equal to each other to form a new equation.
Step 4 Solve the equation from Step 3.

Solve =3 Solve 25* =125
Step1: (3°) =3

Step 2: =3

Step3: 2x=1

1
Step 4: xX==
P 2

Answer: 1. (b)x =>/,

Demonstration Problems

Practice Problems

Solve
1.@) 9*=27
1
2. 9=-
@ 3

Solve
1.0) 4=16
1
2. 16 ==
b) 3

Answers: 1. b) x= %; 2.) x= _g
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Math 102, Intermediate Algebra Section 6.2

Compound Interest

Suppose $100 is invested at a rate of 3%. How much interest is earned after 1 year?
The formula that can be used for this calculation is

I=Prt

where / = interest, P = principal, » = rate, and ¢ = time (number of years). Suppose the
money and its interest is reinvested at the end of each year.
Let’s build a table using this formula, using # = 1 each year.

Years Balance, P,
investment at the start Interest earsled for the Balance at the end of the current year
has been in of the yeﬁar (3% rate) P+Px(.03)x1
I=Px(.03)x1
the bank current year
1 $100.00 | $100.00 x .03 =$3.00 | $100.00 + $3.00 = $103.00
2 $103.00 | $103.00 x .03 =$3.09 | $103.00 + $3.09 = $106.09
3 $106.09 | $106.09 x .03 =3$3.18 | $106.09 + $3.18 = $109.27
4 $109.36 | $109.36 x .03 =$3.28 | $109.36 +$3.28 =$112.55
Accumulated amount =
5

Now we will develop a formula.

Years

. Balance at
investment the start of Interest earned
has been © for the year Balance at the end of the current year
. the current
in the car (3% rate)
bank y
1 P P(.03) P+ P(.03) = P(1 +.03) = P(1.03)

P(1.03) | P(1.03)(.03) | P(1.03)+ P(1.03)(.03) = P(1.03) (1 +.03) = P(1.03)

P(1.03)* | P(1.03)°(.03) | P(1.03)' + P(1.03)*(.03)= P(1.03)*(1 +.03) = P(1.03)*

2
3 P(1.03)* | P(1.03)%(.03) | P(1.03)>+ P(1.03)%(.03) = P(1.03)%(1 +.03) = P(1.03)’
4
5

Accumulated amount =

This process of earning interest is called compound interest That is, the bank will pay
interest on the interest earned in addition to interest on the principal. We will examine
next compound periods of less than a year.
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Math 102, Intermediate Algebra

Section 6.2

Suppose interest is allotted after 6 months on the $100 investment.

The interest paid for 6 months will be 1—62 of 3%, or 1.5%.

Years Balance at the
investment start of the Interest earned for the 6 month .
has been in | current 6 month period (3% annual rate) Balance at the end of the 6 month period
the bank period
0.5 $100.00 $100.00 x .015=9%1.50 | $100.00 +3$1.50=9%101.50
1 $101.50 $101.50 x .015=91.52 |$101.50 +9$1.52 =%103.02
1.5 $103.02 $103.02x.015=%1.55 |$103.02+31.55=5104.57
2 $104.57 $104.57 x .015=9%1.57 |$104.57 +$1.57=9%106.14
Accumulated amount =
2.5

Let’s develop a formula.

Years

. Balance at the
investment start of the Interest earned
has been t6 for the 6 month Balance at the end of the 6 month period
in the curtent® period (3% rate)
bank month period
0.5 P P(015) | P+ P(015)=P(1+.015) = P(1.015)
1 P(1.015) P(1.015)(.015) | P(1.015)+ P(1.015)(.015)=P(1.015)(1 +.015)=P(1.015)2
1.5 P(1.015)2 P(1.015)2(.015) P(l.015)2+P(1.015)2(.015) =P(l.015)2(1 +.015) =P(1.015)3
2 P(1.015)3 P(1.015)3(.015) P(l.015)3+P(1.015)3(.015) =P(l.015)3(1 +.015) =P(1.015)4
2.5
Accumulated amount =
t

Let’s now write a formula to generalize to any length compound period.

We will let P = principal, » = rate, n = number of compound periods per year,
¢t = number of years

Accumulated amount =
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Math 102, Intermediate Algebra

|
A=Pil+

Section 6.2

r $nt
%

n

(4 = accumulated amount, P = principal, » = rate, n = number of times compounded per year, ¢ = years)

Demonstration Problems

Practice Problems

Use the compound interest formula to find
the accumulated amount of a savings
account with the given principal, rate,
number of times interest is compounded
per year, and number of years.

3. @ P=2,000; r=2%;
compounded monthly; 3 years

4.8 P=5,000; r=3%;
compounded every 3 months;

2 years

Use the compound interest formula to find
the accumulated amount of a savings
account with the given principal, rate,
number of times interest is compounded
per year, and number of years.

3.(b) P=3,000; r=1.5%;
compounded quarterly; 5 years

4. ) P=10,000; r=2.5%;
compounded semi-annually;

10 years

Answers: 3. (b) $3,233.20; 4. (b) $12,820.37
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Math 102, Intermediate Algebra Section 6.3

6.3 The numbere

The number e is defined as the infinite We can also interpret e visually as the
sum, boundary number for which the area under
1,1 1 1 1 .

-+ + + +! the curve y=— (1 <x<e)is 1.

1 12 1e2e3 ]e2e3e4 X

e~ 2.718281828459045 ?

This number is not only irrational (cannot be written as a ratio of integers), but is also
transcendental, meaning it is not the root of any polynomial equation with rational
coefficients. It has many applications in the complex number system, and models for
growth and decay.

Example (@) Evaluate ¢’.
There is usually an ¢* key on scientific calculators. Press ¢ = 3 = Enter.
e’ =20.0855... = 20.09

Example () Evaluate ™.

7 is usually a shifted character on a calculator. Look for it in small print above another
key.

Press ¢' = (= 4 = X = n = ) = Enter.

¢ = 286,751.3131 = 286,751.31

Continuously Compounded Interest
nt

I
Recall the formula A =P+ 136 used to find the accumulated amount in an account
n

invested at interest rate, r, for ¢ years, compounded » times per year. If we increase n to
12 times per year (compounded monthly), or 365 times per year (compounded daily), or
31,536,000 (compounded every second), then the value of 4 tends closer and closer to
Pé". 1f we allow 7 to approach infinity, then we call this compounded continuous.

Continuous Compound Interest Formula

If a principal of P dollars is invested at an annual rate of interest » compounded
continuously for ¢ years, the final accumulated amount is

A=Pe"

! "HPU& 1)+ |




Math 102, Intermediate Algebra

Section 6.3

Example () If $350 is deposited in an account paying 12% compounded continuously,
then how much is in the account after 6 years and 6 months?

P =350
A= P’

r=20.12

t=6.5

_ 350(60.12(6.5))
=350("")
= $763.52

Example (d) How much should be deposited today to have accumulated $5000 in
10 years at an interest rate of 4% compounded continuously?

A =5000 r=0.04 t=10
A= Pe"
5000 = pe” 10
5000 = Pe’*
5000 _ P
$3351.60 = P

Demonstration Problems

Practice Problems

1. @ How much money will be in a
savings account at the end of 7 years if
$3000 is deposited at 3.5% compounded
continuously?

2. @ How much should be deposited
today to have accumulated $10,000 in 5
years at an interest rate of 3% compounded
continuously?

1. () How much money will be in a
savings account at the end of 10 years if
$2500 is deposited at 2.3% compounded
continuously?

2. (®) How much should be deposited
today to have accumulated $20,000 in 18
years at an interest rate of 2% compounded
continuously?

Answers: 1. (b) $3,146.50; 2. (b) $13,953.53
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Math 102, Intermediate Algebra Section 6.3

Growth and Decay

The number e has many useful applications including, but not limited to, economics,
biology, and population growth.

Example ) The number of grams of a certain radioactive substance present ¢ years
after radioactivity is first measured is given by the formula 4 = 300e . Find the
amount present at time # = 0. Find the amount present after 20 years.

Attr=0:
A =300e 00
=300¢"
=300+ 1
=300
Att=20:
4= 3006—0.06(20)
=300e
=90.4

Example (f ) Based on selected figures obtained during the years 1980-2003, the total

number of bachelor’s degrees earned in the United States can be modeled by the function
defined by

A=918,030e"1°%

where x = 0 corresponds to 1980, x = 10 corresponds to 1990, and so on.
Find the number of bachelor’s degrees earned in 2003.

x =2003 — 1980 = 23
A=918,030&"1%
A =918,030e"01342)
A =918,030¢"3*2
A =1,308,230
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Math 102, Intermediate Algebra

Section 6.3

Demonstration Problems

Practice Problems

3.@ A sample 0of 400 g of lead-210
decays to polonium-210 according to the
function defined by

A =400¢ "
How much lead-210 will be left in the

sample after 25 years?
Round your answer to 2 decimal places (x.xx).

4. (@  The total volume in millions of
tons of materials recovered from municipal
solid waste collections in the United States
during the period 1980-2003 can be
approximated by the function defined by

A =15.80¢"""%" where x = 0 corresponds
to 1980, x = 10 corresponds to 1990, and so
on. How many millions of tons were

recovered in 20007
Round your answer to 2 decimal places (x.xx).

3. () A sample of 400 g of lead-210
decays to polonium-210 according to the
function defined by

A =400¢ "
How much lead-210 will be left in the

sample after 50 years?
Round your answer to 2 decimal places (x.xx).

4. () The total volume in millions of
tons of materials recovered from municipal
solid waste collections in the United States
during the period 1980-2003 can be
approximated by the function defined by

A =15.80¢"""%" where x = 0 corresponds
to 1980, x = 10 corresponds to 1990, and so
on. How many millions of tons were

recovered in 2010?
Round your answer to 2 decimal places (x.xx).

Answers: 3. (b) 80.76; 4. () 132.16 million tons
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Math 102, Intermediate Algebra Section 6.4

6.4Logarithms
Graph both functions on the coordinate plane below.
(A) Graph f(x) =2" (B) If £ (x) = 2", find and graph /' (x).
Step 1: Substitute y for f(x)
y=2"
Step 2: Switch the x and y
x | f(x) x=2" X |y
Step 3: Complete the table of -2
-2 values for
x=27
-1
-1
0
0 We denote this inverse function
f7@) =logy x 1
1 2
2

A 4

In general, if @ and x are positive and a # 1, then
g(x) = log,x
defines the logarithmic function with base a.
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Math 102, Intermediate Algebra Section 6.4

A logarithm is an exponent. It is the exponent, y, to which the base a must be raised to
obtain a given value, x (that is, x = a” ). We write this relationship as log,x = y.

K J0(1%12! -\v

log,x=y

3H4% /

Exponential Form Logarithmic Form
3*=9 log:9 =2
2°=32
100" =10
logs4 =2/3
log(5) =2

Due to its frequent use,
10g10 X

is called the common logarithm of x and is denoted
log x
The key on a scientific calculator is equivalent to log,.

Another commonly used logarithm is
log, x

and is called the natural logarithm of x. It is denoted

In x

The key on a scientific calculator is equivalent to log,.
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Math 102, Intermediate Algebra

Example (a) Evaluate log,(16).
logy,(16)=x & 2°=16
2x — 24
x=4
log,(16) =4

Section 6.4

Example (b) Use a calculator to evaluate (to 4 decimal places)

(i) 1log(0.05)

Press =0.05=

10g(0.05) = ~1.3010

(if) In(3)
Press =3=

In(3) = 1.0986

Demonstration Problems

Practice Problems

1. () Evaluate
log,s (5)

2. (a) Evaluate
log(100)

3. (a) Evaluate
log, (¥2)

4. (a) Evaluate

1
1 el
0go ( 27)

1. (b) Evaluate
log,7(3)

2. (b) Evaluate
log(10,000)

3. (b) Evaluate
log, (8)

4. (b) Evaluate
1
log; (5 )

1
Answers: 1. () 3: 2. (b) 4 3. (b) 5: 4. (b) 2
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Math 102, Intermediate Algebra

Change

Section 6.4

of Base

Some calculators only have keys for common logarithms, , and natural logarithms,

. To use a calculator to evaluate a logarithm of any base other than 10 or e, a
formula may be needed to change the base to base 10. We will use

Change of Base Formula

Ifb>0,a#1,b>0,b+#1,and x> 0, then

log, x=

log, X
log, a

Example (c) Evaluate log,(5) rounded to 2 decimal places.

log,5= logd
log2
log, 5 =2.32

Example (d) Evaluate log,(e) rounded to 2 decimal places.

log, e=

log, e"

loge
log!
0.87

Demonstration Problems

Practice Problems

5. (@) The percent of women who returned
to work after having a baby since 1980 can
be approximated by

£(x)=38.83 +4.208 log> x

where x = 0 represents 1980.
Find the percent of women who returned to
work after having a baby in 2010.

Write your answer as a whole number. Choose the
nearest whole number greater that your answer (as we
don’t refer to fractions of living things).

5. (b) In the Sierra Nevada’s, at x feet in
elevation, the percent of moisture that falls
as snow rather than rain can be
approximated by

£(x) =863 Inx— 680

What percent of moisture falls as snow at

5000 feet in elevation?
Round your answer to the nearest whole number.

Answer: 5. (b) 55%
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Math 102, Intermediate Algebra

Section 6.5

6.5 Properties of Logarithms

Properties of Logarithms

If x, y, and b are positive real numbers, where b # 1, and r is any real
number, then the following are true:

Basic Properties

logy b=1and log, 1 =0

Product Rule

log, xy = logy x + logy v

Quotient Rule

logp X logy x —logy v
y

Power Rule

log, x" = rlogy x

Special Properties | b°%* = x and log, b* = x

Proof of Product Rule:
Let m = logy x. Then x = b".
Letn =log,y. Theny=5".

Proof of Quotient Rule:
Let m = logy x. Then x = b".
Let n =log, y. Then y = b".

We know We know
xy:bm.bn:bn1+n X B bm_ o
Thus, v o ?
logy xy=m +n Thus
=logy x + logy v X
logy — =m—n
y
=logy x —logy y

Proof of Power Rule:
Let log, x = m. Then x = b".
We know

xX'=@")y=p""
Thus,
logy x" = mr
And
rm = rlogp x
So then

log, X" = rlog, x

Proof of b°%* = x:
Let y =1logp x. Then b” = x.
Thus

blogbx =X

Proof of log, b* = x:
Let y=b". Then log, y = x.
Thus

log, b* =x

"HGYEE* ()1 |




Math 102, Intermediate Algebra

Section 6.5

Demonstration Problems

Practice Problems

1. (a) Apply one of the special properties to simplify
4
log, (27)

2. (a) Apply the product rule to write the expressions
as a sum of logarithms. Then simplify, if possible.

log;,(100x)

3. (a) Apply the quotient rule to write the expression
as a difference of logarithms. Then simplify, if possible.

lo (ij
84\ oa

4. (a) Write as a sum and/or difference of
logarithms of single quantities.
log I x$
b #yzéﬁ

5. (a) Apply the power rule to write the
expression without an exponent or a radical symbol.

log,(/3)

1. (b) Apply one of the special properties to simplify
2
log; (79)

2. (b) Apply the product rule to write the expressions
as a sum of logarithms. Then simplify, if possible.

log;0(1,000,000xy)

3. (b) Apply the quotient rule to write the expression
as a difference of logarithms. Then simplify, if possible.
I X

' X3
Iogg#2—7§(

4. (b) Write as a sum and/or difference of
logarithms of single quantities.

I 7t$
Iog#Z&

5. (b) Apply the power rule to write the
expression without an exponent or a radical symbol.

loge(+/5)°

Answers: 1. (b) 2; 2. (b) 6 +log(x) +log(y); 3. (b) log,(x)—3; 4. (b) log(7) +log(f) —log(4); 5. (b) (g)logg(S)
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Math 102, Intermediate Algebra Section 6.5

Demonstration Problems Practice Problems
Use the properties of logarithms to write each expression | Use the properties of logarithms to write each expression
as a single logarithm. as a single logarithm.
6. (a) log, (2) + logs (2) 6. (b) logs (3) + logy (x)
7. (a) logy (2)—logs (2) 7. (b) log, (3) —logs (x)

1

8. (a) 3log, (5)—4logs (3) 8. (b) 3logy (5)— > logs (9)
9. (a) 2(logs (5) +logs (3)) 9. (b) 3(logs (2) +1ogs (3))
10. (a) logy (5) + logs (3) —logs (4) 10. (b) logs (2) + logs (5) —logy (7)

Answers: 6. (b) log,(3x); 7. (b) logh(g); 8. (b) log,,(%s); 9. (b) log,(216); 10. (b) logh(%))
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Math 102, Intermediate Algebra Section 6.6

6.6 Solving Exponential and Logarithmic Equations

Solving a Logarithmic Equation of the formlogax =Y.

Step 1: Rewrite the equation in exponential form.
Step 2: Solve the exponential equation. Use the steps described in section 7.2, if necessary.

Example @) Solve logax=-2

Step 1: logix=-2 & x=4"
1

Step 2: xX=—
P 16

Example (o) Solve log, (3x+1)=2

2

1
Step 1: log,(3x+1)=2 & 3x+1=(;)
2
1
Step 2: 3x+1=~
4 1 Since, by definition, for log,x,
4(3x+1)= 4¥Z x must be positive, then we must
12x Jr_j =_i check the argument for x = 1 :
12x+0=-3 1
12x=-3 If x=——,then 3x + 1
12x 13 4
12 12 :3(_1)“:_2“:1 I
1 4 4 4
x=!—
4
Demonstration Problems Practice Problems
1.@ Solve log,x=-1 1. () Solve log;x=-3
2.(@ Solve log, (3x! 4)=2 2. () Solve log, (2x+5)=2
4 3

. -1 =2
Answers: 1. (b) x > 2.0b)x 'S
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Math 102, Intermediate Algebra Section 6.6

Solving an Exponential Equation of the form @ = x.

Recall the steps for solving an exponential equation from 6.2

To solve an exponential equation:
Step I Rewrite the exponential expressions using the same base if possible.
Step 2 Simplify both sides of the equation, if necessary.
Step 3 Set exponents equal to each other to form a new equation.
Step 4 Solve the equation from Step 3.

Step 1 requires that both exponential expressions be rewritten using the same base if
possible, but does not explain what to do if it is not possible.

Suppose we want to solve the equation

2'=3
Clearly, we cannot rewrite 2 and 3 using the same base. To help us solve this equation,
we will apply the Logarithm Property of Equations:

If x =y, then logy x =logyy (x>0,y>0,6>0andb#1)

Since
2'=3
then
log2*=1log 3
By the power rule,

log, x" = r log x, we have
xelog2=1log3
Now we can solve for x
xlog2 log3
log2 log2
log2

Using a calculator, we have
x=1.58
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Math 102, Intermediate Algebra Section 6.6

Demonstration Problems Practice Problems
Round to the nearest thousandth (x.xxx) Round to the nearest thousandth (x.xxx)
3.@ Solve 3=12 3.(0) Solve 10"=4
4.(@) Solve €%%* =40 4.[0) Solve €*%* =192

Answers: 3. (b) 0.602; 4. () 262.875
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Math 102, Intermediate Algebra Section 6.6

Solving a Logarithmic Equation of the formloga X = log,y.

We can apply the new logarithm property of equality in reverse
Iflogy x =log, y,thenx=y (x>0,y>0,b>0andb# 1)

to solve equations such as
log, (x +2) =log, (10)

By the property,
x+2=10
-2 2
x+0= 8
x=38

Since the logarithm property of equality works in both directions, we can write
logy x=1logyy ifand onlyif x=y (x>0,y>0,b>0andb# 1)
And we can use the symbol “&” to replace “if and only if”
logyx=logry & x=py >0,y>0,b>0andb#1)

For reference, here are the properties of logarithms. We will need some of them in
solving the problems that follow.

Properties of Logarithms

If x, y, and b are positive real numbers, where b # 1, and r is any real
number, then the following are true:

Basic Properties | logyb=1andlog, 1 =0

Product Rule log, xy = logp x + logy v
: X

Quotient Rule 10gb§ =logy x —logy y

Power Rule log, x" = rlogy x

Special Properties | b°%* = x and log, b* = x
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Math 102, Intermediate Algebra

Section 6.6

Demonstration Problems

Practice Problems

Solve.
5@ In(x+2)=In(x—4)+1In3

6. @ logx+log(x+21)=2

Solve.
50 Ih@x+5=In(x-1)+1In3

6. ) logx+loglx+3)=1

Answers: 5. b) 8;

6.0) 2
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Math 102, Intermediate Algebra Section 6.6

Demonstration Problems Practice Problems

Solve. Solve.
7.@ log(x+2)—logx=2 7.0) logx—log(x-3)=1

10

Answer: 7. (b) 3
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Math 102, Intermediate Algebra Section 6.6

Recall this problem from p. 17 of section 6.3:

The number of grams of a certain radioactive substance present ¢ years after
radioactivity is first measured is given by the formula 4 = 300e . Find the
amount present at time # = 0. Find the amount present after 20 years.

We found that there is approximately 90.4 grams of radioactive substance present after 20
years. If we knew the result of 90.4 grams from an experiment, but not the growth
constant, —0.06, we could have used the numbers 90.4 and 300 in a new formula to find
the growth constant for this relationship.

A= Aee"

where 4 = final amount present; 4 = initial amount present, k = growth constant, 7 = time
(in a specified unit)

Let’s revisit the problem above with the assumption that we only know the initial and
final amount of radioactive substance after 20 years. Determine the growth constant.
Round to the nearest hundredth.

A=Ay
90.4 = 300&2°

90.4 _ 3006’
300 300

90.4_ o
300

904 , Apply the Logarithm
In——=Ine™"

300 Property of Equality

90.4
ln% =20kelIne Apply the Power Rule

ln% =20k
300

90.4
"300 _ 20k
20 20

90.4
n—=
300 _

20
k=—0.06
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Math 102, Intermediate Algebra

Section 6.6

Demonstration Problems

Practice Problems

Solve.

8. (&) A biologist is researching a newly-
discovered species of bacteria. At time

¢t = 0 hours, he puts one hundred bacteria
into what he has determined to be a
favorable growth medium. Six hours later,
he measure 450 bacteria. Assuming
exponential growth, what is the growth

constant “k” for the bacteria?
Round & to 2 decimal places (x.xx)

A=Ay

Solve.

8. (b) In a study to determine how
quickly fleas reproduce, at time ¢ = 0 days,
a researcher counted 4 fleas on a dog that
had daily outdoor activities. After 20 days,
with no treatment for fleas, the researchers
counted 43 fleas on the same dog. What is
the growth constant for this rate of flea

reproduction?
Round & to 2 decimal places (x.xx)

A=Ay

Answer: 8. (b) 0.12
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