Math 14 Lecture Notes Ch. 8.1

8.1 Confidence Intervals for the Mean (¢ Known or n > 30)

The average age of college students is on
the rise.

An actuary of a liability insurance company
knows that a change in the average age of the
population of a college campus changes the
likelihood of the occurrence of certain age related
illnesses and accidents on that campus. Thus, the
actuary would like to be fairly certain of the
current mean age of a particular campus
population in order to establish liability insurance
costs. The insurance company wants to know
with 95% certainty an estimate of the mean
student age with a margin of error no greater than
*1 year.

The actuary collected the following data set of the ages of 30 students on campus:

17 18 18 26 33 41 60 19 18 55
48 25 30 24 17 21 42 18 35 36
16 17 26 20 19 54 71 40 30 20

The mean of this data set is X = 30.47. The actuary also knows that the
standard deviation ¢ for the campus population is 2 years.

Can the actuary be at least 95% certain
that u is within 1 year of 30.47?

By determining the 95% confidence interval for the mean y , that is, an interval of
values that has a probability of 95% of containing the mean £, using the sample mean
30.47 and standard deviation 2, we will be able to answer this question.

First we will introduce some vocabulary.
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Math 14 Lecture Notes Ch. 8.1

First we will introduce some new vocabulary.

< A parameter is a value used to represent a certain population characteristic.
In our example, the actuary wants to know the parameter, L, of the campus population.

< A point estimate is the value that is obtained from a sample of data and used to
estimate the value of a parameter.

In our example, X = 30.47 is the point estimate, obtained from the data of 30 selected students, and is used
to estimate the parameter, [, of the entire campus population.

< A confidence interval is a specific interval of values within which the parameter lies
determined by using data obtained from a sample given a specific confidence level.

We will determine an interval of values, hopefully no greater than X+ 1, within which the parameter, |,
lies by using the point estimate of X =3047 and o = 2, with 95% confidence.

Recall:
Central Limit Theorem:

As the sample size n increases without limit, the

shape of the distribution of the sample means

taken from a population will approach a normal

distribution with mean y and standard deviation Distibution of £

o
Jn -
f——f

In our example, if many sample means of size 30 were taken of the ages s stuuvass v VEpus, wiv Cunuar
Limit Theorem assures that the distribution of these means would approach a normal distribution with

2
mean u and standard deviation \/— .
30

Empirical Rule:

In a normal distribution with mean g,

approximately /\

e  68% of the data will fall within 1 / —68% \
standard deviation of /. .

o 95% of the data will fall within 2 // \\
standard deviations of u. 430 u-2o u-lo  u  a+lo utlec utic

® 99.7% of the data will fall within 3 e

standard deviations of /.
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Y
In our example, since the distribution of the A
sample means approaches a normal

distribution, then it is with 95% certainty that

the actuary's sample mean X = 30.47 will 95%
fall within 2 standard deviations of the 2.5% 2.5%
population mean p.

That is

o = o
Plu-2|—|<X<u+2|—1)=0.95
(« (f) g ( ))

n

From this we have
o

P()?—Z(\/;)<M<)_(+2(%))=O.95

Substituting 30.47 for X , 30 for n, and 2 for 6, we have

2 2
P(3047-2| — |<u<3047+2] —1)=0.95
( (m) u (m))
P(30.47 —0.73 < < 30.47 + 0.73) = 0.95
P(29.74 < 1 < 31.20) = 0.95

This gives us that the 95% confidence interval for the mean is (29.74, 31.20).

Notice that
2947=3047-1<29.74<u<31.20<3047+1=3147

ﬁl'I'"1'I'\'I'I'I'I'I'I'rq'l'\']
o ip] o
S S i
o™ o™ o™

29.74 30.47 31.20

29.5
315

Thus, the actuary can report with 95% certainty that W is within =1 year of 30.47. R R

A 95% confidence level implies that the population mean will fall outside the confidence
interval in only 5% of all possible samples of size 30. We assign the greek letter o to this
5%. We can find confidence levels other than those associated with the empirical rule by
finding z-scores associated with particular o values. Notice that for

o=10.05,

1-0=0.95,
the desired confidence level.
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The actuary was also curious about the 90% confidence interval for the mean. She wanted to compare this
with the 95% confidence interval. X =30.47, 6 =2, n=730

Here are the steps she followed:

Step 1 Step 2

Calculate the error bound for the mean:

CL= Z(%)

SE

Shade approximately 90% of the area Step 3
under the curve centered about the mean Find the confidence interval such that
and label the x-axis with the error bounds. — ol — o
P(X-z,| = |<u<X+z,| —=1|)=CL
\ \n

/N

3 -2 -1 0 1 2 3

N

p-36 p-26 u-6 [ pP+G p+26 U+36 -

The 90% confidence interval for the mean is
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Can the actuary achieve a 99.7% confidence level within 1 year of accuracy? Repeat the
steps from above. X =3047, 0 =2, n=30

Step 1 Step 2

Calculate the error bound for the mean:

CL= Z(%)

SE

Shade approximately 99.7% of the area Step 3
under the curve centered about the mean Find the confidence interval such that
and label the x-axis with the error bounds. — ol — o
P(X—za(—]<u<x+za(—j)=CL
5\Wn 5\Wn

3 2 -1 0 1 2 3

3
p-36 p-26 u-6 U p+G p+26 u+30 i

The 99.7% confidence interval for the mean is
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Compare the results from the 3 calculations of confidence intervals

90% confidence interval

P(30.47 —1.65(i

2
<u<3047+1.65—1|)=0.90
V30 ) “ (\/30 )
P(30.47-0.60 < <30.47+ 0.60) = 0.90

P(29.87 <1 <31.07)=0.90

1 o in S 1n
(@)} o () — i
(V] o o o o
30.47
95% confidence interval P(30.47 - 2(i) <u<3047+ 2(1) )=0.95
J30 J30
P(30.47 —0.73 < < 30.47 + 0.73) = 0.95
P(29.74 < u < 31.20) = 0.95
o ———— )
e L AT A A L R g AR e Al L A B e W
1n S in S 1n
(@)} () (e} — —
N o o o o
29.74 30.47

31.20

99.7% confidence interval P(3047- 2.97( 2

2
= |<u<3047+297|—==1])=0.997
\/30) “ (\/30)
P(30.47 — 1.08 < 1t < 30.47 + 1.08) = 0.997

P(29.39 < i < 31.55) = 0.997

0 S n < 0

(o)} (e} (e i —

(9N} o o o o
30.47

. o . . .
Notice that as z,, ( \/_) get larger, the interval gets larger, that is, the margin of error
S\Vn

2

about the sample mean becomes larger. We call z,

(i) the error bound of the mean.
“\Vn
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Additional Practice

1. Fuel Efficiency of Cars and Trucks Since 1975 the average fuel efficiency of U. S.
cars and light trucks (SUVs) has increased from 13.5 to 25.8 mpg, an increase of over
90%! A random sample of 40 cars from a large community got a mean mileage of 28.1
mpg per vehicle. The population standard deviation is 4.7 mpg per vehicle. The
population standard deviation is 4.7 mpg. Estimate the true mean gas mileage with 95%
confidence.

Step 1 Step 2

Calculate the error bound for the mean:

(o}
= = CL =
Jn
Shade approximately 95% of the area Step 3
under the curve centered about the mean Find the confidence interval such that
and label the x-axis with the error bounds. — ol — o
P(X-z,| = |<u<X+z,| ——=|)=CL
\Vn \n

3 -2 -1 0 1 2 3

; : : ; . ; : >
U-36 p-26 U-6 [ P+G p+26 p+30 i

The 95% confidence interval for the mean is
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2. Day Care Tuition A random sample of 50 day care centers provided an average
yearly tuition of $3987 with a population standard deviation of $630. Find the 90%
confidence level interval of the true mean.

(@)
Step 1 Step 2
Calculate the error bound for the mean:
_ _ 2ol 77
= CL= \Jn

SE

Shade approximately 90% of the area
under the curve centered about the mean

and label the x-axis with the error bounds.

3 2 -1 0 1 2 3

3
p-36 p-26 U-6 U pP+G p+26 U+36 i

Step 3

Find the confidence interval such that

P()?—za(%]<u<)?+za(%j)=CL

The 90% confidence level interval for the mean is

(b) Ifaday care center were starting up and wanted to keep tuition low, what would be

a reasonable amount to charge?
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