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4.%%Construct	
  fields	
  of	
  order	
  16	
  and	
  25.%%

J-#%E%K%L&MxN:OxH%P%x%P%'QC%"78%K%K%LRMxN:Ox&%P%x%P%'QS%%%
T$-7%E%"78%K%"/-%>5-@84%4EU$%#$"#%VEV%K%'W%"78%VKV%K%&RS%

ProofX%
J-#%pOxQ%K%xH%P%x%P%'S%%T$-7%pO(Q%K%'%"78%pO'Q%K%'C%4+%pOxQ%$"4%7+%@57-"/%>"U#+/4%+Y-/%L&S%

D>%pOxQ%U"7%2-%>"U#+/-8%57#+%"%Z/+8EU#%+>%#.+%5//-8EU52@-%[E"8/"#5U4C%#$-7%%

pOxQ%K%Ox&%P%ax%P%bQOx&%P%cx%P%dQ%K%xH%P%Oc%P%aQx9%P%Od%P%ac%P%bQx&%P%Oad%P%bcQx%P%bdS%

T$E4%c%P%a%K%(C%d%P%ac%P%b%K%(C%ad%P%bc%K%'C%"78%bd%K%'S%

\57U-%c%P%a%K%(C%#$-7%a%K%] cC%#$E4%ad%P%bc%K%aOd%] %bQ%K%'S%%378%4+%a%K%'%"78%d%] %b%K%'S%

*+.-Y-/C%'%K%bd%K%bO'%P%bQC%"%U+7#/"85U#5+7S%

\+%pOxQ%54%5//-8EU52@-S%

\57U-%L&MxN%54%"%;D<C%#$-7%pOxQ%5//-8EU52@-%⇒%OpOxQQ%54%,"B5,"@%57%L&MxNS%%%

T$E4%L&MxN:OpOxQQ%54%"%>5-@8S%

A@-,-7#4%57%L&MxN:OpOxQQ%@++0%@50-%a(%P%a' x%P%a&x&%P%a9x9%P%OpOxQQ%>+/%4+,-%a(C%a1C%a&C%a9%∈%L&S%%

\57U-%#$-/-%"/-%+7@^%#.+%Z+4452@-%Y"@E-4%>+/%ai%>+/%-"U$%iC%#$-7%#$-/-%"/-%+7@^%&H%

Z+4452@-%854#57U#%-@-,-7#4%+>%#$-%>+/,%a( %P%a' x%P%a&x&%P%a9x9%P%OpOxQQS%%378%457U-%8-6%

pOxQ%54%,575,"@%57%OpOxQQC%#$-7%#$-/-%"/-%'W%854#57U#%-@-,-7#4%57%L&MxN:OpOxQQ%O4--%

J-U#E/-%_+#-4%9:`:'(QS%%%

∴%%E%54%"%>5-@8%"78%VEV%K%'WS%

%

J-#%qOxQ%K%x&%P%x%P%'S%%T$-7%qO(Q%K%'C%qO'Q%K%9C%qO&Q%K%&C%qO9Q%K%9C%qOHQ%K%'C%qORQ%K%'S%

\57U-%8-6%qOxQ%K%&C%#$-7%qOxQ%54%5//-8EU52@-%+Y-/%LRS%

)^%"/6E,-7#%Z"/"@@-@%#+%#$-%Z/++>%#$"#%E%54%"%>5-@8%"78%VEV%K%'WC%%

.-%$"Y-%K%54%"%>5-@8%"78%VKV%K%&RS%

%
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5.%%Let	
  E/F	
  be	
  an	
  extension	
  and	
  let	
  a	
  ∈	
  E.	
  	
  Prove	
  that	
  if	
  [F(a):F]	
  is	
  odd,	
  then	
  	
  
F(a)	
  =	
  F(a2).	
  	
  

ProofX%
\57U-%a%∈%FC%#$-7%a&%∈%F%2^%U@+4E/-S%%\+%FOaQ%54%"%>5-@8%U+7#"57576%a&%"78%FS%

\57U-%FOa&Q%54%#$-%4,"@@-4#%>5-@8%U+7#"57576%a&%"78%FC%#$-7%FOa&Q%⊆%FOaQS%

T+%Z/+Y-%#$-%/-Y-/4-%U+7#"57,-7#C%7+#-%#$"#%5>%%

a%∈%FOa&QC%#$-7%FOa&Q%54%"%>5-@8%U+7#"57576%F%"78%aS%

\57U-%FOaQ%54%#$-%4,"@@-4#%>5-@8%U+7#"57576%F%"78%aC%#$-7%FOaQ%⊆%FOa&QS%

\+%.-%+7@^%7--8%#+%4$+.%a%∈%FOa&QS%

\EZZ+4-%a%∉%FOa&QS%%

J-#%gOxQ%K%x&] %a&%∈%FOa&QMxNS%

\57U-%gOxQ%K%Ox%] %aQOx%P%aQC%#$-7%aC%] a%"/-%#$-%+7@^%/++#4%+>%gOxQS%%%

\57U-%aC%$-7U-%] a%∉%FOa&QC%"78%8-6%gOxQ%K%&C%#$-7%gOxQ%54%5//-8EU52@-%+Y-/%FOa&QMxNS%

T$E4C%FOa&QOaQ%≅%FOa&QMxN:OgOxQQ%2^%J-U#E/-%_+#-4%9:'(:'(%%

OD>%E: F%54%"7%-B#-745+7C%a%∈%EC%"78%a%54%"@6-2/"5U%+Y-/%FC%#$-7%FOaQ%≅%FMxNOpOxQQ%.$-/-%pOxQ%54%"7%
5//-8EU52@-%Z+@^7+,5"@%57%FMxN%4EU$%#$"#%a%54%"%/++#SQS%%

378%MFOa&QOaQXFOa&QN%K%8-6%gOxQ%K%&%2^%J-U#E/-%_+#-4%9:'(:'(%

OD>%E: F%54%"7%-B#-745+7C%a%∈%E%.$-/-%a	
  54%"@6-2/"5U%+Y-/%FC%pOxQ%54%"7%5//-8EU52@-%Z+@^7+,5"@%57%FMxN%

4EU$%#$"#%a	
  54%"%/++#C%8-6%pOxQ%K%nC%#$-7%SSS%MFOaQXFN%K%nSQ%

_+#-%#$"#%FOa&QOaQ%K%FOaQ%"4%a&%∈%FOaQS%%\+%#$-7%MFOaQXFOa&QN%K%MFOa&QOaQXFOa&QN%K%&S%

\57U-%FOa&Q%⊆%FOaQ%"78%MFOaQXF	
  N%54%"7%+88%57#-6-/C%$-7U-%>575#-C%#$-7%2^%AB#-745+7%

?5-@8%*FC%;"/#%DC%G'HC%MFOa&QXF	
  N%a%MFOaQXF	
  N%"78%#$-/-2^%>575#-S%

\+%#$-7%.-%$"Y-%MFOaQXF	
  N%K%MFOaQXFOa&QNMFOa&QXF	
  N%K%&m%.$-/-%MFOa&QXF	
  N%K%mC%"%

Z+45#5Y-%57#-6-/S%

*+.-Y-/C%MFOaQXF	
  N%54%"7%+88%57#-6-/C%"78%4+%.-%$"Y-%"%U+7#/"85U#5+7S%

∴%%a%∈%FOa&QC%$-7U-%FOaQ%⊆%FOa&QC%.$5U$%5,Z@5-4%FOaQ%K%FOa&QS%

%
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6.%%Determine	
  the	
  splitting	
  field	
  and	
  its	
  degree	
  over	
  Q	
  for	
  f	
  (x)	
  =	
  x4	
  –	
  2.%%

T$-%4Z@5##576%>5-@8%>+/%f%OxQ%54%b Oi

! 

24 Q%"78%5#4%8-6/--%+Y-/%b %>+/%f%OxQ%K%xH%] %&%54%`S%

ProofX%
f%OxQ%K%xH%] %&%K%Ox&%P%

€ 

2QOx&%] %

€ 

2Q%K%Ox%P%i

€ 

24 QOx%] i

€ 

24 QOx%P

! 

24 QOx%]

! 

24 QS%

\+%#$-%4Z@5##576%>5-@8%>+/%f%OxQ%54%b Oi

! 

24 C%] i

€ 

24 C%

! 

24 C%]

€ 

24 Q%K%b O

€ 

24 C%i

€ 

24 Q%

c@"5,X%b O

! 

24 C%i

! 

24 QK%b OiC

! 

24 QS%

c@-"/@^%b O

€ 

24 C%i

€ 

24 Q%⊆%b OiC

€ 

24 Q%2^%U@+4E/-S%

T+%4$+.%#$-%/-Y-/4-%U+7#"57,-7#C%7+#-%#$"#%457U-%%

i%K%i

€ 

24 :

! 

24 C%"78%

! 

24 K%i

€ 

24 : 	
  iC%#$-7%iC%

! 

24 ∈%b O

! 

24 C%i

€ 

24 QC%$-7U-%%

b OiC

€ 

24 Q%⊆%b O

€ 

24 C%i

! 

24 QS%%∴%b O

€ 

24 C%i

! 

24 QK%b OiC

€ 

24 QS%

\57U-%pOxQ%K%x&%P%'%K%Ox%P%iQOx%] %iQ%54%5//-8EU52@-%+Y-/%b O

€ 

24 Q%"4%5#4%/++#4%"/-%U+,Z@-B%

"78%b O

€ 

24 Q%U+7#"574%+7@^%/-"@%7E,2-/4C%"78%pOiQ%K%(C%#$-7%b O

€ 

24 QMxN:OpOxQQ%≅%

b O

€ 

24 QOiQS%%T$E4%Mb O

! 

24 QOiQXb O

€ 

24 QN%K%Mb O

€ 

24 C%iQXb O

! 

24 QN%K%8-6%pOxQ%K%&S%

378%457U-%f%OxQ%K%xH%] %&%54%5//-8EU52@-%+Y-/%b C%"78%f%O

! 

24 Q%K%(C%#$-7%

b MxN:OpOxQQ%≅%b O

! 

24 QS%%%T$E4%Mb O

€ 

24 QXb N%K%8-6%f%OxQ%K%HS%

\+%.-%$"Y-%Mb Oi

€ 

24 QXb N%K%Mb Oi

! 

24 QXb O

€ 

24 QNMb O

! 

24 QXb N%K%&%d%H%K%`S%

%
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1S%%Determine	
  the	
  splitting	
  field	
  and	
  its	
  degree	
  over	
  Q	
  for	
  f	
  (x)	
  =	
  x4	
  +	
  2.%%

T$-%4Z@5##576%>5-@8%>+/%xH%P%&%54%b O

! 

e
" i
4 C

€ 

24 Q%"78%5#4%8-6/--%54%`S%

ProofX%

f%OxQ%K%xH%P%&%K%OB&%P%i

! 

2QOB&%] %i

€ 

2Q%K%Ox%P

€ 

24  e
πi
4 QOx%]

€ 

24  e
3πi
4 QOx%P

! 

24  e
5" i
4 QOx%]

€ 

24  e
7πi
4 QS%

\+%#$-%4Z@5##576%>5-@8%>+/%f%OxQ%54%b O

! 

24  e
" i
4 C

! 

24  e
3" i
4 C

€ 

24  e
5πi
4 C

€ 

24  e
7πi
4 QS%

\57U-%

€ 

24  e
πi
4 %K%]

€ 

24  e
5πi
4 C%"78

€ 

24  e
3πi
4 %K%]

! 

24  e
7" i
4 C%#$-7%%

b O

! 

24  e
" i
4 C

! 

24  e
3" i
4 C

€ 

24  e
5πi
4 C

€ 

24  e
7πi
4 Q%K%b O

€ 

24  e
πi
4 C

! 

24  e
3" i
4 QS%

c@"5,X%b O

€ 

24  e
πi
4 C

€ 

24  e
3πi
4 Q%K%b O

€ 

e
πi
4 C

€ 

24 QS%

c@-"/@^C%b O

€ 

24  e
πi
4 C

€ 

24  e
3πi
4 Q%⊆%b O

€ 

e
πi
4 C

! 

24 Q%2^%U@+4E/-S%
T+%4$+.%#$-%/-Y-/4-%U+7#"57,-7#C%7+#-%#$"#%%

€ 

24 = −

24  e
πi
4 + e

πi
4

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

24 e
πi
4

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 24 e

3πi
4

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

%∈%b O

! 

24  e
" i
4 C

! 

24  e
3" i
4 QS%%%

T$E4%

€ 

 e
πi
4 %K%

! 

24  e
" i
4 :%

€ 

24 %∈%b O

! 

24  e
" i
4 C

€ 

24  e
3πi
4 QS%%%

∴%b O

€ 

e
πi
4 C

€ 

24 Q%⊆%b O

! 

24  e
" i
4 C

! 

24  e
3" i
4 QC%$-7U-%b O

€ 

e
πi
4C

€ 

24 Q%K%b O

€ 

24  e
πi
4 C

€ 

24  e
3πi
4 QS%

%

\57U-%pOxQ%K%x&%P%'%K%Ox%P%iQOx%] %iQ54%5//-8EU52@-%+Y-/%b O

! 

24 Q%"78%pOiQ%K%(C%#$-7%

b O

€ 

e
πi
4 C

€ 

24 QMxN:OpOxQQ%≅%b O

€ 

24  QOiQ%K%b O

€ 

24  C%iQS%%_+#-%#$"#%%

i%K%

! 

2

24( )2
24( )

2

2
+

24( )
2

2
i

" 

# 

$ 
$ 

% 

& 

' 
' ( 1%∈%b O

€ 

e
πi
4 C

€ 

24 Q%"78%

€ 

e
πi
4 %K%

€ 

24( )
2

2
+

24( )
2

2
i%∈%b O

! 

24  C%iQS%

T$E4%bO

! 

e
" i
4C

€ 

24 Q%K%bO

! 

24  C%iQC%$-7U-%MbO

€ 

e
πi
4 C

! 

24 QXbO

! 

24 QN%K%MbOiC

€ 

24 QXbO

€ 

24 QN%K%8-6%pOxQ%K%&S%

378%457U-%f%OxQ%K%xH%] %&%54%5//-8EU52@-%+Y-/%b %2^%A54-74#-57e4%c/5#-/5+7C%"78%f%O

€ 

24 Q%K%(C%
#$-7%b MxN:OpOxQQ%≅%b O

! 

24 QS%%%T$E4%Mb O

€ 

24 QXb N%K%8-6%f%OxQ%K%HS%

\+%.-%$"Y-%Mb O

€ 

e
πi
4 C

! 

24 QXb N%K%Mb O

€ 

e
πi
4 C

€ 

24 QXb O

€ 

24 QNMb O

€ 

24 QXb N%K%&%d%H%K%`S%
%


