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If SC Aut(E) and |S| = n, then [E:E®] 2 n.

If SC Aut(E) and |S| = oo, then [E:ES] = oo.

If G < Aut(E), then [E:E€] = |G].

[E:EGa(E/R)] = |Gal(E/F)|.

If G = Gal(Q()/Q) where o is a primitive 5t root of unity, then E¢ = Q.
If G = Gal(Q(~/5)/Q) = Z, then E¢ = Q.

If G = Gal(Q(/2)/0Q) = {1d}, then E¢ = Q(32) # Q.

Normal Extension
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If SC Aut(E) and |S| = n, then [E:E’] 2 n.
Proof: See Lecture Notes 4/7/10

If SC Aut(E) and |S| = oo, then [E:ES] = oo.
Proof: Homework
Letn €EN. Let T = {0y, .., on} & S. By part (b), ESC ET.
By part (a) ET and ES are subfields of E, hence ES is a subfield of ET.
If [E:ET] or [ET:E®] is infinite, then [E:E9] is infinite by Theorem 39 of Extension
Fields Part I. Assume both are finite.
Then by Lecture Notes 3/15/10 (Let K/E be an extension and E/F be an extension. If [K:E] and
[E:F] are both finite, then [K:F] = [K:E][E:F].) [E:ES] = [E:ET|[ET:ES].
Since |T| = n, then by Lecture Notes 4/7/10 (If S C Aut(E) and |S] = n, then [E:ES] = n), we
have [E:ET] 2 n. And [ET:ES] = 1 as extension field degrees are always = 1.
Thus [E:ES] 2n, V nEN.
. [E:ES] = oo.

If G < Aut(E), then [E:E€] = |G].
Proof: Similar argument. See handout; very lengthy.

[E:ECE/P] = |Gal(E/F)|.

If G = Gal(Q()/Q) where o is a primitive 5t root of unity, then E¢ = Q.

Proof:

Since p(x) = x* + x3 + x2 + x + 1 has degree 4, and we have shown p

is irreducible over Q, then [Q(a):Q] = 4.

And we know 4 = [Q(a):Q] = [Q(a):E®)][EC: Q].

In Lecture Notes 4/5/10, we found that Aut(E) = Z4,

hence |Aut(E)| = |Gal(Q(a)/Q)| = 4.

Since |Gal(Q(a)/Q)| = 4, then [Q(a):E)] = [Q():Q (o)1 C)/2)] = 4, by
the above corollary.

So [Q()%I@()/2): Q)] = 1, hence Q (o)) Gal@W/D) = ().



Math 210B

Example

Example

Definition

Lecture Notes Monday, 4/12/10, Page 2

If G = Gal(Q(~/5)/Q) = Z2, and E = Q(~/5), then E¢ = Q.

Proof:

2 = [Q(+5):0] = [Q(+5):E¢] [EC:Q].

And Gal(@(\/g)/Q) = 7> gives us that |Gal(@(\/§)/@)| =2.
Thus 2 = |Gal(Q(~/5)/Q)| = [Q(~/5 ):E€] by above corollary.
So [E6: Q)] = 1, hence E€ = 0. . Q <1 Q(~/5).

If G = Gal(Q(32)/0Q) = {Id} and E = Q(3/2), then E¢ = Q(}/2)¢ Q.
Thus [Q(%/E):EG] =1 by above corollary.
So 3 = [0(A2):Q] = [Q (X2 ):E€][E6:Q] = [E&:Q] #1, hence E6 # 0.

.. Q is not normal in @(3\/5).

Let E/F be an extension. We say that E is a normal extension of F if
[E:F] < oo and F is the fixed field of Gal (E/F). We write F < E.



