Math 230A, Practice Problems, Assigned 9/17/10

1. Write detailed proofs of Theorems 1.31 and 1.33.

Theorem 1.31 If z and w are complex, then

(@) z+w=Z+W,

(b) zZw= Z*W,

(c) z+ Z=2Re(z),z- 7 = 2i Im(2),

(d) zZ isreal and positive (except when z = 0).

Proof:

z+w=a+bi+c+diza+c+(b+d)i=a+c" (b+d)i=a" bi+c" di=z+w.

(a) If zand w are complex, then z = a + bi and w = ¢ + di for some a, b, c,d! R.

(b) zw =(a+bi)(c+di) =ac" bd+(ad+bc)i =ac" bdD(ad+bc)i =(a" bi)(c" di)=
ZeW,

(c)z+ZzZ=a+bi+a-bi=2a=2Re(z),and z- Z =a + bi - (a - bi) = 2ib = 2i Im(z),
(d) zz = (a + bi)(a - bi) = a? + b2 >0 when a and b are not both 0.

Theorem 1.33 Let z and w be complex numbers. Then
(@) |z| >0 unlessz=0,|0]| =0,

(b) [Z]=1z],
() |zw| = |z[|w],
(d) |Rez|<|z],

(e) |z+w|<|z| +|w|.

Proof:
(a) Suppose z=a + biand w=c + di for some a, b, c,d! R.
Then |z| = [(a + bi)(a - bi)]1/2 = (a? + b?)1/2 > 0 order axioms.
And |0| = [(0 + 07)(0 - 0i)]1/2 = 0/2 = 0 by propertiesof 0! R.
(b) | | = |a - bi| = [(a - bi)(a + bi)]*/2 = |a + bi| = |z|.
(c) |zw|=|(a + bi)(c + di)|
= |ac - bd + (ad + bc)i|
= [(ac - bd)? + (ad + bc)?]1/2
=[(ac)? - 2achd + (bd)? + (ad)? + 2adbc + (bc)?]1/2
= [(ac)? + (bd)? + (ad)? + (bc)?]1/2
= [(a? + b?)(c? + d?)]1/?
= (a% + b2)1/2 o (c% + d?)1/2 = |z||w|, by uniqueness assertion of Thm 1.21.
(d) |Rez| =|a+0i| =[(a+ 0i)(a - 0i)]¥2 =[a?]'/?2 < [a? + b?]1/2 = |z|.
() |z+w|=[(z+w)( Z+W)]/2 by Thm 1.31 (a),
=[zZ +zw +wZ + wW]1/2
= [|z|? + (a + bi)(c - di) + (c + di)(a - bi) + |w|?]1/2 by definition |z|,
=[|z|? + ac + bd + (bd - ad)i + ac + bd + (ad - bc)i + |w|2]1/2,
=[|z|% + 2(ac + bd) + |w|?]1/2,
< [|z|? + 2[(ac + bd)? + (bd - ad)?]1/2 + |w|2]1/2,
= [|z|> + 2| zW | + [w|?] '/,
= [|z|?2 + 2|z||w| + |w|?]1/2, by parts (b) and (c)
= [(lz] + w2,
= |z| + |w| by uniqueness assertion of Thm 1.21.
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2. Read Definition 1.36 of the vector space R". Write detailed proof of Theorem 1.37.
Theorem 1.37 Supposex,y,z! Rk and" isreal. Then

(a) x| 20;
(b) |x| =0ifand only ifx = 0;
(@ I"x[=1"[Ix[;

(d) [xey|[=<|x|e]|yl;

(e) [x+yl|<|x|+]yl;

) x-yl<|x-y|+]|y-z|
Proof:

k 1/2
(a) |x| = (Exf) >0 as (x;)?= 0 for each i.
1

K 1/2
(b) # : If|x| = 0, then (E xf) = 0.
1 K 1/2
Since (x;)? = 0 for each i, then (E XiZ) =0# (x))?%=0foreachi hencex=0.

1
K /2

$ : Ifx =0, thenx; = 0 for each i, hence g{o' x’( =0.

1

() " x| = (E(ax)) Ial(}ijf)ﬂ: " I1xI.

#kl &/2 K 1/2
,|x|=9${6 x?( ,and |y|=(2yf) :
1

1

k

(@xeyl={" xy,
i=1

We note that for each i,

2 2 2
(), (g e 5% 0
) Ty ] #ixle #lyle Xy
So then
M Sy (|yi|)2 (PO BN N s
X |Yil = 2——5 —l H Tl == X t—= VY +¥ =2,
ErE e (e R N~
E|xl.yi| < |x||y|. By the triangle inequality we have |x e y| = n < E|Xiyi|s |x]||y]|-
i=1 i=1 i=1

(e) Ix+yl=[(x+y)(x+y)]"/2 = ( (x.+y,)2)1/2=(" Xi2+2x,-y,-+y,-2)1/2

) = (e y ol s (bl f)

_ [ 2 nn

_( IR S
112

= (1)) "= 11 < 1yl

(f) Letx'=x-y,and lety' =y - z. Then by part (e) we have
X' +y'| < [X'| + |y'|, hence|x -y +y -z | = [x-z| < [x-y]| + |y - z].
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0 ; 12
3. Repeat Ex. 2 for C. Notezev= Ezi ¥v. and |z| = (EMZ) .
i=1

i=1

Proof:

Supposex,y,z! C? and" isreal. Then

(@) [x]=0;

(b) |x| =0ifand only ifx = 0;

© I"x|="[Ix];

(d) [xeyl<|x]lyl;

(e) Ix+yl=Ix|+|yl;

(0 x-yl<|x-y|+|y-z|.

Proof:
K 12 ‘ 12

(a) |x| = g{o' XX ( = g{o' |xl.|2I( > 0 as |xi|? 2 0 for each i.
1 1

K v2
(b) # : If|x| = 0, then (E|xi|2) = 0.
1
K v2
Since (x;)? = 0 for each i, then (E|Xi|2) =0# |x)?=0foreachi hencex=0.
1

K 12

$ : Ifx =0, then x; =0 for each i, hence (E|Xi|2) =0.
1

11/2

X2 ghiefy = gl
(© | X|-%1 ‘xi% =g

k
n

'xiyi
i=1

172
=" [Ix].

)
(
K /2 k /2 /2
]

#5'||2 d #5||2 #5']{||2
, =0 Xi , =0 _i =0 ; .
x| e ( ,andly] 2 il ( 2 il (

s §15] [ 35} (3}

So taking the square root of both sides, we have
1/2

Exy‘ < (Elxl)(}jlyl) = |x| Iyl

(d) [xeyl=

By the Cauchy Schwartz Inequality we have

|xey| =
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3.(e) [x+y| = [(x+y)(x+y)]'/2

()]
_ (E;(xi y)(% + y,.))
_ (Ei”=l|xi|2 + XY+ XY+ |yi|2)1/2
- ( " x, * +2Re(x,y,) +|y, |2)1,2
("“|x +2|xy| v
)

(i +2xe v+ bt )“

< (2 ¥yl by pare (@
-

)] = bl + Iyl

nmn

+

zyi

yi|2§/2

i=1

(f) Letx'=x-y,and lety' =y - z. Then by part (e) we have
X' +y'| < [X'| + |y'|, hence|x -y +y-z| = [x-z| < |[x-y]| + |y - z].
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4. In the previous exercises the norm of a vector is defined by an inner product. We can define

norms in R” (or C") without the use of an inner product, as a function "e": R % [0, +0o) with the
properties (a), (b), (c), and (e) from Theorem 1.37.
Example: Consider an arbitrary, but fixed p = 1.

n

Define |x|, = (E
i=1

i=!

X

1/p
F] , for x = (x4, .., x,) ! Cn. Show that |x|, has the properties (a), (b), (c), (e).

n n 1/p n 1/q
Hint: For (e) first prove that " |xiyi| < (E|Xi|p) ¥ E|yi|q) where 1/p + 1/q=1. Thisis
i=1

i=1 i=1

called the Holder inequality.
Remark: Property (e) is called the Minkowski inequality and looks like

&7 #n &P #n &P

#Il
1 p 1 p ! p
o s ( < I+ Iyl
$i=1 $i=1 $i=1
(@) [x],20;
(b) |x|,=0ifand only ifx=0;
(©) I"xlp=1"[Ixlp;
(e) [x+ylp =[xy + yly;
Proof:
n 1/p
@) |xlp= (E|Xi|p) >0 as [xi|P = 0 for each i.
i=1
#n p&/”
(b) Assume |x|, = % |xl.| ( =0. Since |x;|» = 0 for each i, then |x;|P = 0 for each i.
i=1

n 1/p
Assume x = 0. Then |x;|? = 0 for each i which implies 0 = (E|xi|p) = |X|p.
i=1

n

Up . 1/p
(@ I xlp= (E|axi|p) =(IalpE|Xi|p) = 1" lIxly
i=1

i=1

"

(e): E:LJXi + yi|p _ E?=1|Xi +Y, "Xi +Y,

<# :,1:1 (|xi| + |yi|)|xi + yi|p"1 by the triangle inequality

- E; xi"x" + yi|p_l + E:;l
S(E:l:l p)”p ¥(Ej=1 (P—l)q)l/q +(E:l=l

by the Hoélder Inequality.

p-1
yi"xi + yi|

X X+ Vi X +Y;

i

(P-)q )l/q

I

-1 1 "1
=pT# q¥— :q¥p—# p =q(p - 1). Thus we have,
p

q
g A A RO A
X+, p)l/p=(2in=l|xi +y )

1 1 1
Note that —+—=1# —
q q

?=1|Xi +yl's (E,nl\ X +Y;

n
So then [x +y|, = (E ]
i=

1/q
< |X|p +|y|p.
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5. One way to prove Holder's inequality is to use Young's inequality:
P pe 11
abs —+—,&a,bz0and —+— =1. Prove Young's inequality.

Proof:

Ifa=0orb=0,the resultis trivially true. Assume a # 0 and b # 0.
Consider the concave function f (x) = In x.

—t

f(b)

fla+(g-A)b)

f(a) 3 (@) + (1-R)f(b)

! ba+(1-A)b !
1 2777 3

Note that (q, f (a)) and (b, f (b)) lie on the line with the equation

fB) = fl@)  bf@=-af®) _ (x=a)f(b)+(b-x)f(a)
b-a b-a b-a .

Andfor0<' <1,

g(x) =

("a+(1# ")b#a)f(b)+(b#["a+1# ")b]) f(a)
b#a

g( a+(1-")b) =

A-Db-a)f(b)+ Ab-a)f
Db O+ AO-DI@ . ), (1 ).

Since f (x) = In x is concave, then f{' a + (1-' )b) =" f(a) + (1 -" )f (b).
Since a, b > 0, then a?, b7 > 0. Thus, f{' a? + (1-' )b9) 2" f(a?) + (1 -" )f (b9).

Note that equality holds if and only if a? = b4, for
fC ap+ (1-")ar) = f(a?) = " f(a?) + (1 =" )f (aP).
If' =1/p,then1-"' =1/qand

a® b

In(—+—)=In(Aa” +(1-A)b") 2" Ina? + (1 -" )In ba
P d

=(1/p)lna?+ (1/q)ilnb?=Ina+In b =1n ab.

p q
« L5

P q
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6. Show that |x|, satisfies the parallelogram identity from Exercise 17/Chapter 1 if
and only if p = 2.
Proof:
Letp = 2.
/2 N 12" 2
(1% + yl2)2+ (1x - y]2)? fé’ e %}# %" )
i=1 ' 0/0:1 ( i

- ) 2
E|xi+yi| +E|Xi _yi| .
i=1 i=1

n
11

" (xey) e D(x-v)"
i=1 i=1

U (xEeaxy o) - H (T 2y )

=1 i=1
- 2 4 2
1
=ZE|X;| + 2 |yi| .
i=1 i=1

= 2|x|22 + 2]y|22.

Conversely, suppose (|x + y|p)%+ (|x - y¥|p)? = 2|x|p2 + 2|y|p? for some p > 1.
Note this is true for allx,y! R~ Consider the case in whichx=(1,1,0,0,0,..)
andy=(1,-1,0,0,0,..). Then

8= ((2))0)? + ((2))
11p\? p p P p 1"’?

=((|1+1|P =17 4040 +/0+0f" +---) ) ¥ gﬂ 1 ++1° +0+0F +[0+0" +--)
= (Ix+ylp)*+ (Ix-ylp)?* = 2|X|p; + 2]y|p? i

" l/ploc 1/p
=231+l +lof +lof +1 )" 2( (P +1-1 + 08 #1084 ) -
= 2((2)1/P)2 + 2((2)1/P)2 = 4(2)2/P.
And we have 8 = 4(2)2/p # 2=22p# 20= (220} =22# p=2.

7. Define |X|o = maxi<i<n|xi|, for x! Rn (or C"). Prove that |X|. satisfies the properties of the norm.

(@) |X|==20
(b) |X|»=0ifand onlyifx=0
(©) " Xleo =" [[X]

(€) [x+¥leo < [X[ew + [Y]oo
Proof:
(a) |X|» = maxi<i<n|Xi| 2 0 as |xi| = 0 for each i.
(b) If |X|e = maxi<isn|Xi| = 0, then since |x;| 2 0 for each i we have |x;| = 0 for each i.
If x = 0, then |x;| = 0 for each i, hence |X|» = maxi<isn|Xi| = 0.
(€) " X|oo = maxisiea|” Xi = " | » maxicicn|Xi| = |* |[X]eo.
(e) [x+Yylo = maxisisn|Xi + yil
< maxisisn(|Xi| + yi])
= maXisisn|Xi| + Maxisisn Vil
= [Xeo + |Y]eo.



