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2.43 Let P be a perfect set in RX. Then P is uncountable.
2.45 Separated sets, connected sets

2.47 ECRis connected < V X,y € E, where x < y and
V z € R such that x < z < y, if follows that z € E.
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2.43 Let P be a perfect set in Rk, Then P is uncountable.

Proof:

Suppose P = {x1, X2, x3, ...} (i.e. P is countable).

Since P is perfect, then every point of P is a limit point of P.
Let r1 > 0. Start with V1 = Ny (x1). Construct V> as follows:
(i) V2CVy; (i) x1 €& V2 (i) PN V2 # D,

In general, construct V.1 so that

(D) V ne1 C Vs (i) Xa & V pay; (iii) PN Vs 2 @.

Define K, = PN V .. Then Kn+1 C Ka.

Since each V , is closed and bounded, then each is compact.
Thus Nn. yKn # &, contrary to x, & V n.1.

P is not necessarily bounded. [0, +0) is perfect, but not bounded.

2.45 In a metric space X, 2 subsets A and B are separated if AN B = &
and A NB={.

A=[0,1)and B=(1, 2) are separated as [0, 1] N (1,2)=[0,1) N [1,2] = <.
A=[0,1]and B = (1, 2) are not separated as [0, 1] N [1, 2] # &.

E C Xis called connected if it cannot be written as E = A U B where

A, B are separated and A # & and B # &.

E C Xis connected < it cannot be written as E=A U Bwhere 4, B# J
AN B= and both A and B are open.

Proof:

=: Suppose E=AUB,ifAN B=Cand A NB=0.

ThenA NBCAN B =, and we have

A=EN(X\ B)andB=EN (X\ A), both open sets.

<: Suppose E=(AUB),A, B+ J,AN B=¢,and A and B are open.
To show AN B = &, let x € A and note that 3r > 0 such that N:(x) C A.

SinceBC B CX\ A, thenxé B. .. AN B=0.

Similarly A N B=@.

E is pathwise connected if V x, y € E, x # y, 3 a curve
inside E connecting x and y. (i.e there is a continuous
function y:R — E sty(0) = x, y(1) = .
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InR21letE = {(x,sin (1/x))] 0 < X< n/2} U{[0,y]| -1<y<1}
Then E is connected but

not pathwise connected. m//\\
L
|

2.47 ECRis connected < V x,y € E, where x <y and
V z € R such that x < z < y, if follows that z € E.

Proof:

=>: Suppose x, y € E where x <y and z € R such that
x<z<ybutz&E. Define A=EN (-, z)and B=E N (z, ).
ThenAN B=0=ANBAUB=EA#*J (asxEA)

and B # J (asy € B). So E is not connected.
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<: Supposethat E=AUB,ifANB=0, ANB=J,A#J,and B# J.
Choose x € A and y € B (assuming wlog that x < y).
We will show 3 z such thatz € E.
Define z = sup(4 N [x,y]). We know z exists as A is bounded above by B
and [x,y] is bounded above by y.
z=sup(AN[xy])=z€ AN[x,y]C AN[xy]. SozE A, hencez&B.
Thusz<y. Also,z=sup(AN[x,y])andxEA=x<2z.
To show x < z, notice thatzE A = zE Aorz €& A.
Ifz& A, thenx #z hencex<z Thusz&E.
IfzE A, then z& B, hence z€ B, an open set.
Thus 3 r> 0 such that N.(z) C B¢. By the density property
dziERsuchthatz<zi<z+r<y.
Andz=sup(AN[xy]) =z EAN[Xvy]; 21 € [x, y] =71 & A hence z # z1,
Thusx<zi<yandzi EE.

. IfEis connected, thenVx,y€EE, x<z<y=2z€EE.
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