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Theorem 3.41 Given {an} and {bn} (could be complex), let A, = E:Oak
and define A-1 = 0. Then for p,q €! where p < q, we have
> ab, - EZ;AR (b, =b,.)+Ab, - A, b -
Theorem 3.42 Consider {an,} C" and {bn} C#*U{0}. Suppose
(a) the partial sums A, of {a,} form a bounded sequence;
(b) bo=2bh12$ ;and (c) Prr; b, =0. Then Y anbn converges.
Theorem 343 If(@Q)bo=2b12$ ,and (b) ryrr#% b, =0,then 3" (-1, is convergent.
Theorem 3.44 SupposethatR=1,co0=c12$ ,and rlllrrl c, =0, then
Ex ¢,z" converges V z&€" with |z| = 1, except possibly at |z| =
Theorem 347 (a) If E a, and # _b, are convergent then E a, +b,) is convergent.
(b) If En=1aﬂ is convergentand c€" , then # _ca, is convergent.
Definition ~ 3.48 Product of a series
Theorem 3.50 Suppose ¥ a,=A, Y b =B,and Y q, isabsolutely
convergent, then the product of the series 2:=1°n as defined above
is convergentand Y c,=AB.
&'%" (%) *+*  For the power series E c,Z" leta= Ilirlsup“\/7 and R=1/c.
(Ifa-O,R-+oo,1foc—+00,R—O) )
Then Eiocnz” converges forallz€" with |z| <R.
R is called the radius of convergence.
-.)01%2 345For # "_ Z",ecn=1,0=1,R=1. So then for |z| < 1, H# ;:OZ” :1$+Z'
1
365 For En_ Sy Cn = o
1 1 1
X/;!=%/1-20----(k—l)%/ko(k+1)--- . \/(k—l)' kn"k.

[ 1 1 1
lim sup4|— =< limsup o ——=—. 77
n—ce nl = n—e Ak -1)! Lk

3*5 For E On!z",cn =n!,o=+00,s0R=0.
ne
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&'%" (%) *+>4 Given {an} and {bn} (could be complex), let A, = " Z_Oak

and define A-1 = 0. Then for p,q €! where p < g, we have
q g-1

EH ab = Ep A,(b, =b,)+Ab, ~A, b,

=(""? : Can read it in the text.

&'%" (%) *+>6 Consider {a,} C" and {bn} C#*U{0}. Suppose
3/5 the partial sums A, of {a,} form a bounded sequence;
3;5 bo2b12$ ;and 3@93imb, =0. Then Yasb, converges.

=("?:
{As} isbounded =3 M E#+*suchthatVn€E! , |4, < M.

Let € > 0. Then (b) and (c) give us that

AN€E! suchthatforn= N we have b, = |b,- 0] < ﬁ
For N < p < q we have, by Theorem 3.41,

nm 4 m 4

#1
A #D) YA H#ALD,

ab
_p n-n

n=

q-1
EH A,b, ~b,)+Ab,+A, b,

<

< M‘E:jp(bn “b,.)+b, +b,
= M, -b

+b,,, =B, +--+b,_ —b, +b, +b | = 2Mb, <.

p+l1

So then by Theorem 3.22 (Zan converges ! " #>0$N %NsuchthatN<snsm
& |Lwmad s #) we have that Y a,b, converges.

&'%"(%) *+>* |f (a) bo=b12 $ and (b) lir% b” =0, then
Eil(—l)”bn is convergent.
=" -

Use Theorem 3.42 with a, = E:(—l)" .

&'%" (%) *+>> Suppose thatR=1,co2¢12$ ,and lim¢, =0, then

n—

Ew_ocnz” converges VYV z&€" with |z| = 1, except possibly at |z| = 1.

:(IIII? :
Apply Theorem 3.42 with a, = z" and by, = cn.
N 1_ n+l
- k _
Then An = EMZ "1 forz # 1.

_|1|| Zn+1 2
RESES ]

A

n

And since |1 - z7*1| < 1 + |z*1]| < 2, we have
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-.N01% Forf ——7", cn= is decreasing, and limc¢, =0.
n=0p+1 n+l n—o

|
So by the above theorem # n=op 1 Z" converges.

A:2"18$%:1"#BY%(CY%H@%

D%?9#9$9"# # " _, @, 1s absolutely convergent < # " =1|an| converges.

E"$% Absolute convergence = convergence.

E e is conditionally convergent if it is convergent but not

absolutely convergent.

1

-./)01% ForOs<sp<1, $ ! l(" 1)" —- is conditionally convergent as
n=. n

jg:n=1

AFF9$9"#:/#F:G81$9019@/$9"#:"?:7%(9%2
&'%" (%) *+>H::3/51f # & and # _,b, are convergent then

S e 1
(-1 il EH? which is not convergent.

E 1(an +bn) is convergent.
n=

3;5 If E:=1aﬂ is convergentand c €" , then # _ca, is convergent.
=("?:
3/5 Lete>0. ANE! suchthatN<m<m=

# " "
b < Thus ‘Em(ak +b,) > b

35 # G is convergent = ¢ oH = E et is convergent.
n= n= n=

nm mn nm mn < nmmn
a, < a,|+ <&

<fand
2

k=n k=n

D%?9#9$9"#*+>| Given E:Llan and # " _,b.» we form the Cauchy product, E:cn

of the 2 series as follows:
c1 = aob1 + aibo
c2 = dobz + aib1 + azbo

n
In general, cn = EM ab, .

So then # " :1anz” . Eilbnz" =(ao+aiz+axz2+$ )(bo+ b1z +b2z2+$ )

= agbo + (aob1 + aibo)z + (aob2 + aib1 + azbo)z% + $
=co+c1z+c222+$ .
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&'%" (%) *+JK Suppose E:=lan =4, E;bn =B, and E:=lan is absolutely
convergent, then the product of the series E:cn as defined above

is convergent and # _C.,=AB.

-./)01% What happens if we don't have absolute convergence?

Foran-bn—z \/—)
=0+/n +1

Co—l
1

azle-5p* 5
o= 1 1 N 1 1 1 .1
BR ﬁ NER
= (- )nzkox/km/n k+1 =("1)’) O, & H#y &
g

o 1.

+

n 1 _ n 2 _ 2(n+1)
So |cn| 2 EHJ? - Ek=0n+2 C on+2
(2”)

If E _,Ca1s convergent, then ¢, — 0.

So then if ¢, + 0, then H# ;:l C,is divergent.

2(n+1)

n+2

And |cn| 2 =, 72 0.



