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Definition

o 1 1
Many got this wrong: E sin—. Asn— o0, —— (.
n=ln n

. . = nl _
No one got this one right: E EAE Use the ratio test.
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To prepare for the comprehensive exam, check a standard calculus text
for problems on sequences and series.
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Chapter 4

Functions

* To study continuity of functions, we study limits.

To study limits, we need the function to reside in a metric space.

fx+h) - f(x)
. :

« To study differentiability of functions, we look at }11rr(1)

To study the derivative, we need the function to reside in a vector space.
h—0 h
the vector, v, is multiplied by a very small number.

We look at what happens at the point xo when

Limit of a Function
Let Xand Y be metric spaces. Let ECX, f: E — Y, p is limit point of E.
Then f(x) =qasx—=por lim f(x) =g <

x—=p

Ve>0,38=0p >0 suchthatd(f(x), q) <e V xE E where 0 <d(x, p) <4.

X/B ______ \\////} )
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sin/x
Nl

Example Let E=(0, o) andlet Y=R. Definef: E— Ybyf(x) =

Let p = 0. Then p is a limit point of E even though p € E.

And lim Slil/l/; =1. Sofore>0,(1-¢,1+¢)istheeballaround g =1,
xX—>p X

and (0, o) N (-9, d) = (0, 0) is the d ball around p = 0.

sinx
x=0
Example  Definef:R—>Rby f(x)=1 x
5:x=0
Here lin(l) A 1, even though f(x) = 5.
x=0 X
Example Prove limx* =9. Choose an arbitrary ¢ > 0.

x—3

Solve |x? - 9| < ¢ to find d.

-e<x?2-9<¢g

-e+9<x2<g+9

We want x - 3 < 0 to establish a ball around 3.
So9-¢ -3<x-3<9+¢ -3.
If6=9+¢ -3,then-6=3-9+¢.

We can choosef):min{\/m -3,3- \/9Ts}.
Then [x-3| <0

= |x-3|<3-9-¢ and |x-3|<V9+¢ -3
—9-¢-3<x-3<9+¢ -3

=9-¢ <x<9+¢e

=-£+9<x2<e+9
= -£<Xx’-9<c¢
= |[x?-9|<e.

A 2nd method:

€
x+3’
We want x close to 3, so we only need to make sure x + 3 # 0
so that we can divide both sides by |x + 3.
If[x-3|<2,then-2<x-3<2,and4<x+3<8.

Sothen & < —5—. Choose & = min {E, 2}, then |x-3| <
8 |x+3 8

|x2-9|<e=|x-3||x+3|<e=|x-3|<

=>|x—3|<§:|x2—9|=|x—3||x+3|<§|x+3|<%08=8.
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Theorem

4.2 lim f(x)=q < Y {pn} C Esuchthatp,#p,VnENand p, —p,
x=>p
it follows that f (pn) — q.

Proof:
=>: Suppose lim f(x) =¢g. Then
x—>p

Ve>0,38=0p >0 suchthatd(f(x), q) <e V xE E where 0 <d(x, p) <4.
Let {pn} C E such thatp, # p, V. n €N and p, — p. Then

V 8> 0,3 Ny € Nsuch thatd(ps, p) <0V nzNs.

Then put these two things together. Start with ¢ > 0.

Then choose d according to the definition of limit of a function.
Choose N, = Ny ) according to the definition of limit of a sequence.
SoVe>0,3N,.ENsuchthatd(f(pn),q) <eV n>N..

<: Will do on Wednesday.



