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Content:
Theorem 5.13 (L'Hospital's Rule) For f,g: (a,b)! Randg'(x)#0," x# (a, b),
f'(x
if (i) #! Aasx! aand(ii) f(x)! Oandg(x)! Oasx! a;or
g
(i) g(x)! +coasx! a,then m! Aasx! a.
8(x)
Theorem 5.15 (Taylor's Theorem) For f:[a, b]! R,n# N, if f(»1is continuous
on [a, b] and f( exists on (a, b), then" $, %# [a, b] and for
(k)fm (n)
n#l f(x
py=P k_ole()(t #") &% <x<%f(% =P+ nf )(/5_ a).
Exam Exam 1 will cover Chapters 4 and 5,
Discussion Definitions, Proofs of most important theorems, Weeks 1, 2, 3.

Theorem 5.13 L'Hospital's Rule
Supposef,g:(a,b)! Randg'(x)#0," x# (a, b) where
(-o0o <a<b<+). And suppose

(i) f|'((x))! Aasx! aand(ii)f(x)! Oandg(x)! Oasx! a;or
g (X

(i) M' Aasx! aand(iij)jg(x)! +ooasx! a. Then m! Aasx! a.
g'(x) g(x)

Proof:

Case 1: Assume -oo0 = 4.

Let' >0andletM<0. Thenby (i) &(>03a<w<a+() % <2M.
g'w
SO _ SO f)" f(y)
= ,hence <2M
8(x)" g(y) &) a(x) ™ g(y)
Note thatg(x) -g(y) # 0as g'(x) #0 " x# (a, b).
Suppose f(x)! Oandg(x)! Oasx! a.
S -fO) _0-f») _fO)

For (x,y)* (a,a+!),&t# (x,y) ©

f(y)

Then lim = = < lim2M, andli < lim2M =2M < M.
TR g -g() T 0-g0)  g) T T e gy) T )
+ limM =-
"o g(y)
Supposeg(x)! +oasx! a. Then&yi1# (a,a+()2g(y1)>0and fiyl)) < |M|.
g(x
Thus" x# (a,a+(1),9(x) >g(y1) >0, hencew > 0.
g(x
tron 900-000) | FOO- T _ 0 900 -0
9(x) g(x) - 9(y,) g(x)
+ lim(& —M) < lim 2M(1—M) =2M <M. + Hence, limM =-00
o\ g(x)  g(x) ) xma g(x) xa g(x)
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Case 2: Assume -0 < 4 < +00,
Let' > 0. Then by (i)

&(>03a<w<a+() T _4<2.504-"72<L M car 2

g'(w) g'w)
Letc=a+(,letq=A+",andletr=A+"' /2. Then" w# (a,c),r-"' < f'((w)) <r
g'(w

By Cauchy's Mean Value Theorem, ( Iff,g:[a b] " ! are continuous on [a, b] and

differentiable on (a, b), then #xo $ (a, b) 3 [f (b) - f(a)]g'(x) = [9(b) - g(@)]f '(X0).),

. f(x)" f(y) f' (t) fx)" f(y)
fxy)* (a,¢),&t# (xy) SRR A <
T @ EF N 2 g may ~ g " e
Suppose f(x)! Oandg(x)! Oasx! a.

Then i/ D FFO) _0#FO) _ 1)

ag(x)#e(y) O#g(y) gy’

AndA-"'<r-' -11m(r#$)<hmf(y)<limr=r<q=A+'.
o gly) o
lim—== f(y) 4 , hence, lim (y)
y=a g(y) vag(y)

Supposeg(x)! +oasx! a. Then&y1# (a,c)39g(y1)>0.
And&(1>03(1<(and |w-a|<(1) gw)=zg().

Letci=a+ (1.

Note thatg'(x) #0" x# (a, b)) g is strictly increasing or decreasing.

Since g(x)! +ooasx! aand a<x,then g is strictly decreasing.
g(x)" g(y)

Thus" x# (a, c1),g(x) >g(y1) and g(x) > 0, hence = > 0.
g(x
Then (r 900" 90 _F=F0) _ 800 =80y) | 0= f()
a(x) 8(x) 8(x) g(x) —g(y)
L8 -8y _ r(l _M)_
8(x) 8(x)
Sothen A-' <r- Ilm((r - s)(l— g(yl))) mM
x—al (x))) = g(x)
= lim(M—M) < limr(l—w) =r<q=A+".
= g(x)  glx) ) e 8(x)
+ hmM—A , hence, lim () = A.
e g(x) e g(x)
f'(x f(x)

Note thatif A = - oo, then" g# R, lim < ¢, hence lim=—— = -oo.
e g (x) e g(x)
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Case3: A=+o0

Let' >0andletM>0. Thenby (i) &(>03a<w<a+() o) > 2M.
g'w
fO-f»_fO, L SO-FO)
F V)* (a,a+!), &t# (x, e —————>2M
Tl a2 T T e e - )
Suppose f(x)! Oandg(x)! Oasx! a.
Then lim £ =/0) 0= _ SO jioyy, and lim-— < 'O - limam = 2m> M.
—=ag(x)-g(y)  0-g(y) g(y) x=e y=a
+ limM =+ 00
e g(y)
Supposeg(x)! +oasx! a.
Then &y1# (a,a+ () 2g(y1) >0 and UG > M and 1" 80 >—.
8(x) glx) 2
Again," x# (a,a+ (1), g(x) >g(y1) >0, hencew > 0.
g(x
o 800" 800 W) FO) Ly, 90" 90
gx)  g(x)" g() 9(x)
AE)) ZM(I gy ) £
8(x) gx)) gx)
lim >lim(2M(1 80 ) SO ) M+M>M.
e g(x)  xma gx))  gx)
+ Hence, lim—-= F(x) = +00,
xa g(x)
(1) lim 30X = i €O _ g
x=0 X o 1
@) 11mcosx #1 o 1
x 2 2 4 6
Note thatcosx=1 - Xy X X—+!
20 41 6l
And so (cos x)' = -x *_Z
35!
n 1\H# 3 5
So then M =(-x+ X——X—+..-)/(2x) = _%_

f'w)
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Theorem 5.15 Taylor's Theorem
Letf:[a,b]! Randletn# N. If f(»1) is continuous on [a, b] and f("(t)

-1 f(k)(a)
exists" t# (a, b),then" $,%# [a, b] and for P(t) = E ——(t - )",

£
&$ <x<%>f(% =P(N + ( X)

(B-a)".

Proof:

©)
Forn=1,P(t)—f ( )

(t#")" = £(") and Cauchy's Mean Value
M
B-

—2(#$ 9" and the theorem holds.

Theorem gives us that &x# ($, %4 >
f (X)

- f(x). And

fOA=F3)+f()(%-$)=P(A +

Let n > 1 and define M# R by f (% - P(O/Q =M(t-9$)".
Define g(t) = f (t) - P(t) - M(%- $)".
(2)( f(n—l)(a)

Note that P(t) = f(a)+ f'(a)(t - o) + (t— a)’ + (n—l)' (t-a)"",
1 LI AVall " f(g)( ) f("#l)( ) n\n#2
PO = (")+fOC)#" ) +——(#") + (TZ)'(I# )",
3) ) (n-1)
P(Z)(t) f(Z)( ) f ( )( OC) f ( )( O{)2+- ]Z _g)')( _ )n 3

Pe-D(f) = £ ”(a).

Thus P($) = f($), P'($) = f'($), .., P-D($) = f-1(3).
Andg(3)=f($)-P(3)-M($-$)"=f(3)-f(3) =0,
g@)=f(®)-PF)-ME-3))=f($)-f($)=0,..,

gu-D($) = fO-D($) - PU-D($) - (M($ - $)1) 0D = f-1($) - f-D($) = 0,
Proof will be finished Monday.

Note Taylor's Theorem is useful for approximating a function value at a given point

by polynomials.




