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7.22 Equicontinuous functions

7.24 If K is a compact metric space, fr € @ (K) Vn€E€N, and f, 3 fon K,
then {f,} is equicontinuous on K.

7.23 If E is countable and {f,} is pointwise bounded on E, then

3 {f,} 2 {fn} converges V x EE.

7.25If Kis compact, f, € @ (K) V n €N, {f,} is pointwise bounded on K,
and {fn} is equicontinuous on K, then

(a) {fn}is uniformly bounded on K,

(b) {fn} contains a uniformly convergent subsequence.
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7.22 Let 7 C{f: E— C}. Wesay .7 is equicontinuous if
Ve>0,38>03|x-y|<dandx,yEE=|f(x)-fW|VYfE 7

7.24 If Kis a compact metric space, f, € ©(K) VnEN, and f, 3 fon K,
then {f,} is equicontinuous on K.

Proof:

fn 3 f= fis continuous by Theorem 7.12.

And compactness of K gives us that fis uniformly continuous.

Lete >0. Thenf, 3 f=3IN,ENVn>N, |fu(x)-f(x)] <e/3VneEN.
By uniform continuity of f36*>03d(x,y) <d6*and x,yE K= |f(x) - f (V)| <¢/3.
Letn> N and letx,y € K3 d(x,y) < d*.

Then [fu(x) - fu()| < fu(x) - FCI| +If () - FD)] + F V) - fuV)| <&

By uniform continuity of each f,,

384,.,0n>02d(x,y) <diandx,yEK= |fi(x) - fi(y)| <e/3ViE{], 2., N}
Let d = min{dy, ..., On, 8*}. Letn > N.

Then, |fu(X) - fa(V)] < Ifa(x) - FRA| +If(x) - f D) + F V) - V)| <e VR EN.,

Hence {f,} is equicontinuous on K.

7.23 If E is countable and {f»} is pointwise bounded on E, then
3 {f.} 2 {fn} converges V x E E.

Proof:

Since E is countable, then we can let E = {x1, x2, ..., Xn}.

For x1, {fa(x1)} is bounded, so 3 {fix(x1)} C {fn(x1)} that converges.

For x2, {fik(x1)} is bounded, so 3 {fom(x2)} C {fir(x1)} that converges.
Note that f11, fi2, f13, ... converge only for x1;

f21, f22, f23, ... converge only for x1 and x2; and, in general,

fn1, fn2, fn3, ... converge only for x1, x2, .., Xn.

Select fu1 = fi1, faz = f22, fn3 = f33, ... . Then {fy,} is a subsequence that
converges at each x € E.
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Theorem 7.25 If K is compact, f, € ©(K) V n €N, and {f,.} is pointwise bounded on
K, and {f,} is equicontinuous on K, then
(a) {fn}is uniformly bounded on K,
(b) {fn} contains a uniformly convergent subsequence.

Proof:

(a) Lete> 0. Then equicontinuity of {fn} =
16>03d(x,y)<dandx,y EK= |fu(x) - fu(y)| <e VnEN.

By compactness of K, 3 p1, p2, .. pr EK3 KC U;_{B(p,,0)}.

Pointwise boundedness of {f,} =3 M;> 03 |fu(p))| <M;VnEN,ViE{]L, .., 1}
Let M = max{My, .., M;}. Letx€ K. Then 3 ip 3 x € B(pi, 9).

Thus, |[f2(x)] < |[fa(X) - fu(pi)| + |fa(pi)| <e + MV xEK, VYV nEN.

(b) Let E be a countable dense subset of K.

Equicontinuity of {f,} =

16>03d(x,y)<dandx,y EK= |fu(x) - fu(y)| <e/3VnEN.

By Theorem 7.23, and pointwise boundedness by part (a),

A {fn} C {fu}  {fn} converges V x EE.

SoAN. EN>3V ni, nm 2 N, we have |fy,(x) - fn,(X)| <e/3VXEE.

By compactness of K, 3 x1, x2, ... xr EE3 KC U_{B(x,,0)}.

Letx&€ K. Then 3i> x € B(x; 0). Thus, for n, nm 2 N,.

(%) = fo, GO = U3 = S (XD +Ufn (0] = S, ()| + 1, (X2) = f, (X))
<e¢/3+¢/3+¢/3=¢.

. {fn} is uniformly convergent.



