Week 1 Homework, Section 1.3 Assigned 9/1/11

Section 1.3, page 23 # 2,6, 8,9, 14

2. Whatis an open ball (a) B(xo; 1) on R? (b) In C? (Cf. 1.1-5) (c) In C[aq, b]? (Cf. 1.1-
7) (d) Explain Fig. 8.

(@) On R, B(xo; 1) =(-1,1) CR.

(b) In C, B(xo; 1) is a disc of radius 1, centered at xo.

(c) In C[a, b], B(xo0; 1) is a strip of width 1, about the function xo.
(d) In Fig. 8 illustrates B(xo; 1/2).

6. If xo is an accumulation point of a set A C (X,d), show that any neighborhood of xo
contains infinitely many points of A.

Proof:

Since xo is an accumulation point of X, then 3 x1 € B(xo, 1)* N A, where * = \ {xo}.
Then 3 x2 € B(xo, 1/2)*.

Let n > 1 and assume 3 x, € B(xo, 1/n)* N A.

Then 3 xp+1 € B(xo, 1/(n+1)) N A.

Thus, by induction, we have that infinitely many points of A4 lie in B(xo, 1).

8. Show that the closure B(x;r) of an open ball B(x,;r) in a metric space can differ
from the closed ball B(xo;r).

Proof:
Let X=Z. Then {-1,0, 1} = B(0; 1) # B(0; 1) = B(0; 1) = {0}.

9. Show that () AC A, (b) A= A,(c) AUB=AUB,(d) ANBC ANB.
Proof: B B
(a) LetA'={x&€ A|xisanaccumulation point of A}. Then ACAUA'= A.

(b) AC AU(A)=A.

For the reverse inclusion, let x € A and note thatx € A orx € (Z) .
IfxE A, we are done. Supposex& A.

Then XE(Z)’ andx€ (A)" which is open. Thus3r>03x€ B(x,r) C (A)

But x E(Z)’ = Jy €& A such thaty € B(x, r), a contradiction to B(x, r) C (Z)C.
. ACA.
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9. (c) Lete>0. Then
XE(AUB) «3yEB(xe)*N(AUB) =[B(x,€)*NA]U [B(x, €)* N B]
< yEB(x e)*NAoryEB(x,e)*NB
<> x€EA orxerl
<>xc€A'UPB'
< (AUB)' =A"UB.
This gives us that
AUB=AUBUAUB)=AUBUA'UB'=AUA'"UBUB'= AUB.
(d) Lete>0. LetxE (AN B)".
Then3dyE B(x,€)* N (AN B) =[B(x, e)* N A] N [B(x, €)* N B].
Thus,y € B(x, e)* M Aand y € B(x, €)* N B.
Hence x € A' and x € B', or equivalently, x€A' UB'. Sothen (AU B)'CA'UB'.
This gives us that
ANB=ANBUMNB)CANBUMA'NB)=(AUA)YN(BUB) = ANB.

14. Show that a mapping T:X — Y is continuous if and only if the inverse image of
any closed set M C Yis a closed set in X.

Proof:

=>: Suppose T is continuous.

Let VC Y be closed.

Then V¢ is open, hence by continuity of T and theorem 1.3-4, T-1(V¢) is open.
Thus, T-1(V) = [T-1(V¢)]¢ is closed.

<: Let VC Y be open, then I’ is closed.

And, by assumption, T-1(V¢) = [T-1(V)]¢ is closed. This gives us that T-1(V) is open.
So then T is continuous by theorem 1.3-4.




