Week 1 Homework, Section 1.4 Assigned 9/8/11

Section 1.4, page31#1,2,3,4,5

1. If a sequence (x») in a metric space X is convergent and has limit x, show that
every subsequence (xny) of (x,) is convergent and has the same limit x.

Proof:

Lete > 0. Let (x,) C Xsuch thatx, —x. ThendANEN>3d(xp,x)<eVnz=N.

Let (xn) C (x1). dk0ENS> Nk > NV k= ko.

oo d(Xng, X) < € V k= ko. Hence xn, — x.

2. If (x») is Cauchy and has a convergent subsequence, say, x,, — x, show that (x») is
convergent with the limit x.

Proof:
Let € > 0. Let (x4) C X such that (x») is Cauchy.

ThenaINEN>3VY m,n2N, d(xm, xn) <e/2.
Suppose 3 (xnx) C (xn) D xnx —>x. Thend ko EN 3 nyy> NV k = ko and d(xnk, x) < &/2.
So then V k = ko d(xn, X) < d(Xn, Xni) + d(Xnx, X) < €, hence x, — x.

3. Show that x, — x < for every neighborhood V of x there is an integer no such that
xn € Vforall n > no.

Proof:

=: Assume x, — x and let V be a neighborhood of x. Then3e>03B(x,e)CV.

And x, > x=3no EN>d(xn,x) <e ¥V nzno Thusx, € B(x,e) CVV nzno.

<: Lete > 0. Then, by assumption, 3 no E N>V n > no, x, € B(x, €).

Thus, V n > no, d(xn, x) < ¢, hence x, — x.

4. Show that a Cauchy sequence is bounded.

Proof:

Let (xn) C X such that (x,) is Cauchy.

ThenaNEN>3V m,n=N, d(xm, xn) <1. Thus,V n =N, x, € B(xn, 1).
Letr= max(d(x1, XN), d(Xz, XN), ey d(XN_l, XN), 1).

Then V n € N x, € B(xw, 1).

5. Is boundedness of a sequence in a metric space sufficient for the sequence to be
Cauchy? No. Convergent? No.

Proof:

0:niseven

l:nisodd °
This sequence is bounded by 1, but V n € N, d(x», x+1) = 1, hence is not Cauchy.

Additionally, the sequence is not convergent as it contains 2 subsequences that
converge to different limits. This contradicts the contrapositive of exercise #1.

Let X =7 and let x, ={




