Week 6 Homework, Section 2.6 Assigned 10/6/11

Section 2.6, page 90 # 1, 2,3,7,8,12,13, 14, 15

1. Show that the operators in 2.6-2 (I: X — X defined by Ixx=x V x € X),
2.6-3 (0: X — Y defined by 0x =0 V x € X), and

2.6-4 ( X = {all polynomials on [a, b]}, Tx(t) = x'(¢t) for every x € X) are linear.
Proof:

Leta, P €EK and x,y €EX. Then Ix(ax + fy) = ax + By = alxx + Blx .

O(ax + By) =0=00(x) + BO(y).

T(ox+py)=ox'+py' =aTx +pTy.

.. Each operator is linear.

2. Show that the operators T4, ..., T4 from R? into R? defined by
(E1, E2)— (B, 0)

(€1, &) (0, &)

(€1, &2) - (€2, E1)

(€1, E2) > (vE1, ¥E2)

respectively, are linear, and interpret these operators geometrically.

Proof:

Let o, p € K, and (&1, &2), (N1, m2) € R2. Then

T1(a(81, &2) + (1, M2)) = T1((a&1 + Py, &2 + PfN2))

= (0B1+fn1, 0)

= (&1, 0) + B(M1, 0) = aT1(E1, E2) + PT1(M1, M2)

Hence, T1 is linear. T1 sends elements from R2 to the horizontal axis.

T2((E1, E2) + B, M2)) = T2((a&1 + Pn1, 0&2 + fn2))

= (0, agz + fn2)

= a(0, &2) + B(0, m2) = aT2(Ey, &2) + BT2(M1, M2)

Hence, T2 is linear. T2 sends elements from R2 to the vertical axis.

T3(a(E1, E2) + B(M1, M2)) = T3((a&1 + Py, a2 + fn2))

= (a2 + fnz, a&1 + P1)

= aE2 &1) + P2, n1) = aT3(Ew, E2) + BT3(M1, M2)

Hence, T3 is linear. T3 mirrors elements from R? across the diagonal line through
the origin.

Ta(o(E1, E2) + B(M1, M2)) = Ta((0E1 + P11, 02 + fn2))

= (ayE1 + Pym1, ovEz + fymz)

= a(yE1, ¥E€2) + P11, yn2) = aTa(Ey, E2) + BT4(n1, m2)

Hence, T4 is linear. T4 sends elements of Rz distance of y along the diagonal through

each point.
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3. What are the domain, range and null space of Ty, Tz, T3 in Prob. 2?7
) (T1) =R?, ¢ (T1) = {(x, 0)|[x € R}, " (T1) ={(0, x)|xER},

& (T2) =R?, %2 (T2) = {(0,y)ly ER}, I (T2) = {(x, 0)|x ER},

& (T3) = R?, ¢ (T3) = R2, 21 (T3) = {(0, 0)}.

7. Let X be any vector space and S: X — X and T: X — X any operators. S and T are
said to commute if ST = TS, that is, (ST)x = (TS)x for all x € X. Do T1 and Tz in Prob. 2
commute?

Yes.

Proof:
YV (x,y) €ER2 T1 T3 ((x,¥)) =Ti(y, x) = (0,x); and Tz T1 ((x,¥)) = T1(x, 0) = (0, x).

8. Write the operators in Prob. 2 using 2 x 2 matrices.

1 O\x X
Ty =1, )= o)
0 O\x 0
ECTOEIAN AN
0 I\x y
ECTORIAN R
y O)(x yX
T =g )=y

12. Does the inverse of T in 2.6-4( X = {all polynomials on [aq, b]}, Tx(t) = x'(t) for
every x € X) exist?

No.

Proof:
Leta, PEK3 a# . Then T(a) = T(p) =0. Thus, 1 (T) # {0}, hence T-1 does not
exist.

13. Let T: & (T) — Y be a linear operator whose inverse exists. If {x1, .., X»} is a
linearly independent setin &/ (T), show that the set S = {Txj, .., Txa} is linearly
independent.

Proof:

Assume S is linearly dependent. Then

Oy =ouT(x1) + 02T(x2) + -+ + a,T(xn) for some au, a2, ..., an € K, and not all a; = 0.
So then T-1 (By) = Ox = T-1 (a1 T(x1) + 02T (x2) + -+ + o T(Xn)) = 0l1X1 + Q2X2 + -+ + OlnXn.
This contradicts that {xy, .., x»} is linearly independent.

.. Sislinearly independent also.
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14. Let T: X — Y be a linear operator and dim X=dim Y=n < co.
Show that 2¢ (T) = Y < T-! exists.

Proof:

=>: Let B ={xy, .., Xn} be a basis for X.

Suppose T-1 does not exist. Then /" (T) # {Ox}. Thus, Ix# OxE X > T(x) = Oy.
And x = oux1 + ox2 + --- + OnXn for some o, 0, ..., o € K where not all a; = 0.
So then T(x) = Oy = o T(x1) + a2 T(x2) + -+ + T (Xn).

Thus {Tx1, Txz, .., Txs} is a linearly dependent set.

Considery € &2 (T).

ThenIxE X > T(x) =y and x = aux1 + o2x2 + -+ + OuX, for some o, Az, ..., on E K.
T(x) = a1T(x1) + a2T(x2) + -+ + o T(xn), hence span {Tx1, Txz, ..., Tx} = &2 (T).
Since {Tx1, Txz, .., Tx»} spans ©#'(T) but is linearly independent, then dim ¢ (T) <n - 1.
This gives us that 27 (T) # Y.

<: By contrapositive, suppose &2 (T) #Y. Thendy €YV xEX, T(x) #y.

. T-1 does not exist.

15. Consider the vector space X of all real-valued functions which are defined on R
and have derivatives of all orders everywhere on R. Define T: X — X by

y(t) = Tx(t) = x'(t). Show that &7 (T) is all of X but T-! does not exist.

Compare with Prob. 14 and comment.

Proof:

To show T is onto, lety € X.

Then y = f(¢t) for some fE€ {f:R — R| f (") exists for all n € N}.

And T(ff(t)dt) =y. .. Tis onto.

To show T is not 1-1, we note that T(ap) = 0 and T(a1) = 0 where ao # o,

In comparison with #14, we see that this exemplifies a case in which a linear
operator is onto, but not 1-1. In #14, we used the fact that both the domain and
range were of the same finite dimension. In #15, we have a linear operator from a
domain to a range both of infinite dimension.




